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ABSTRACT

While the traditional formulation of quantum mechanics is essentially linear and algebraic, that of
the classical description is non-linear, and geometric; the mathematical structures involved in the
respective formalisms are, it seems, radically different. The fact that such a non-linear description
of nature arises, in the appropriate regime, from purely linear interactions is quite remarkable.

As we will see, however, the mathematical differences between classical and quantum mechanics
are not so dramatic as they initially appear. We begin with the crucial observation that the true
space of physical states of any quantum system is not a linear space, but a projective Hilbert space.
The core result of this thesis is a formulation of ordinary quantum mechanics which is intrinsic to
this projective space. We will find that the Hermitian inner-product of standard quantum mechanics
induces a natural symplectic structure on the projective space; the space of quantum states is then
a phase space. Moreover, this symplectic form plays precisely the same role as does the classical
symplectic form. In particular, the time-evolution is determined by a preferred function on the
(quantum) phase space. Tt will also be seen that quantum observables correspond to certain real-
valued functions on the phase space and that the naturally defined (quantum) Poisson bracket of two
such functions reflects the commutator of the associated operators. Quantum mechanics is therefore
described as an infinite-dimensional Hamiltonian system; the mathematical language corresponds
precisely with that of classical mechanics.

We find that the probabilistic features of quantum mechanics also admit a natural geometric
description. The Hermitian inner-product also defines a Riemannian metric on the projective space,
and transition amplitudes may be written in terms of the distance between points of the phase
space. We therefore obtain a complete geometric formulation of quantum mechanics which cleanly
separates the classical aspects of the formalism from those ‘purely quantum mechanical’ features.
Such a language suggests new approaches to the study of quantization and semi-classical physics.
A number of such issues are examined in detail. In particular, we lay the groundwork for the study

of non-linear generalizations of quantum mechanics.
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NOTATIONAL CONVENTIONS AND LIST OF SYMBOLS

Throughout the text we will use Penrose’s abstract index notation. Abstract tensor indices are
simply labels and contraction denotes the action of the tensor on its argument—not summation.
Penrose’s notation is especially powerful in the-infinite dimensional case, with which we will be
concerned. In the rare event that a specific coordinate chart is chosen, tensor components are

indicated with underlined indices.

Common symbols

£x Lie derivative with respect to the vector field X
ix contraction with first index, i.e., (ixw)s = X wsq
d exterior derivative on differential forms

exterior product on differential forms

¥ pull-back via the mapping =

Ty push-forward via the mapping 7

[X,Y] commutator of vector fields, i.e., [X,Y] = £xY

Lt fundamental vector field generated by Lie algebra element of group acting on a
manifold

S 5P afibre bundle with bundle manifold S, base manifold P, and projection 7 : S — P
k(ab) = % (kab + kbg) — symmetrization

kpap) = % (kab — kba) — skew-symmetrization

Conventions

Poisson structure Q° is the unique skew-symmetric covariant tensor for which Q%°Q,, = §%,

Poisson bracket {f, 9} = (821)Q% (Ohg) = Q(X¢, X,)

Hamiltonians The Hamiltonian vector field generated by f is defined by X;* := Qo f,
and satisfies ix,Q =df
Kahler form If J%, is a complex structure and G is a (real) inner-product on a Her-

mitian vector space, the Kahler form is defined by Q45 := —G4cJ%
Curvature tensor Rapelky = (vavb - vaa)kc Y k.
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Levi-Civita derivative operator on #, compatible with G
Levi-Civita derivative operator on H*, compatible with el
Levi-Civita derivative operator on P, compatible with g
Riemannian metric on H

conformally related metric on H*, G;b = (2h/rH)G ap, 72 = G o ¥W°
Riemannian metric on the projective space P

Hilbert space

the ‘punctured’ Hilbert space, #—{0}

complex structure on H representing multiplication by 1

—J2, Wb generator of phase rotations

algebra of classical observables

algebra of quantum observables

projective Hilbert space

projection mapping 7 : S — P

projection mapping IT : #* — P

radial vector field on A defined by canonical identification of tangent spaces with
H itself

sphere of vectors with unit norm (w.r.t. (,))
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vertical distribution of tangent spaces of P
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Hermitian inner-product on H

Poisson bracket defined by w

Poisson bracket defined by Q2

Riemann bracket defined by G

Riemann bracket defined by g

Lie bracket on S,

Symmetric bracket on S,

vi



ACKNOWLEDGMENTS

Two university professors made a significant impact on my academic career. I am indebted to
Robert Kadesch for sharing his joy of problem-solving and introducing me to the art of physics. Bill
Sutherland encouraged me to search for questions as well as answers; by treating me as a sort of
colleague, he provided the first glimpse of what research in mathematical physics entails and what
fun it can be.

I am very fortunate to have been affiliated with the relativity group at Syracuse University and
the Center for Gravitational Physics and Geometry at the Pennsylvania State University. Thanks
to an informal, yet stimulating, environment and many talented researchers, I had opportunities to
communicate with a large number of students, post-docs, local and visiting faculty members. T am
particularly grateful to John Baker, Alejandro Corichi, Curt Cutler, Renate Loll, Seth Major, Don
Marolf, Mark Miller, Jose Mourao, Monica Pierri, Joseph Samuel, Lee Smolin, Chopin Soo, Ranjeet
Tate, Thomas Thiemann and Madhavan Varadarajan. I would also like to thank Lane Hughston
for discussing many issues directly related to this work.

The members of my doctoral committee have all been of great help. Gordon Fleming, Nigel
Higson, and Jorge Pullin contributed much more than a simple reading of the thesis; I am grateful
to each of them for their input on a wide variety of topics. Most of all, I would like to thank Abhay
Ashtekar. He is a truly inspirational and effective teacher. I am thankful for the many times he
allowed me to chase my tail, for rescuing me before I had bitten it off, and for the many insights—
scientific and philosophical—he has provided. He has a remarkable ability to dissect a problem into
its fundamental structures without losing track of the “big picture”. I hope a small fraction of that
ability has rubbed off on me.

Finally, I am thankful to my close friends, Jeff McNally, April and Jon Metcalf, Subhashis
Mohanty, Ric Olsen, and Brian Saltzer, for helping me to maintain my sanity and perspective over
the years and to every member of my family for their unwavering encouragement. My parents, and
parents in-law, have been a constant source of support; I consider myself extremely fortunate to be
a member of two such loving and supportive families.

Most importantly, I would like to express the deepest gratitude to my wife, Michelle, for her
patience, understanding and support. Thank you, Michelle, for allowing me to spend so much of our
time on those ‘important’ calculations; in reality, they seem to be of little importance in comparison

with our time together.

vil



INTRODUCTION

Quantum mechanics was born in 1900 by an act of desperation on the part of Max Planck. The
development of the subject which followed Planck’s resolution of the so-called “ultraviolet catas-
trophe” has resulted in staggering successes. It is not only that Quantum mechanics provides a
closer agreement with experiment than classical mechanics. Rather, it succeeds in regimes in which
classical mechanics is not even applicable. In particular, there is no consistent classical model which
accounts for the stability of the atom, let alone the detailed properties of materials. Quantum me-
chanics, on the other hand, provides a remarkably accurate description of the physics of molecules,
atoms and nuclei; it provides a theoretical foundation for all of chemistry and, in a certain sense,
the “underlying causes” of statistical mechanics. Without question, quantum mechanics has led us
to the most successful scientific theories ever invented.

The arena in which quantum mechanics takes place 1s a Hilbert space—a linear space equipped
with a Hermitian inner-product. Points of the Hilbert space label states of the physical system
under consideration and observable quantities are represented by certain linear operators on this
vector space. Each observable generates a flow on the Hilbert space which preserves the inner-
product. The passage of time is coded by the flow of a preferred operator (the Hamiltonian); this
evolution is determined by a linear equation. Finally, according to ‘the’ postulates, the notions
related to measurement issues are closely tied to the algebraic structure. For example, measurement
of a quantity represented by a particular operator will produce an element of the spectrum of that
operator and the so-called “reduction of the state-vector” 1s described in terms of a linear projection.
Quantum mechanics is, it seems, intrinsically linear and algebraic.

This picture i1s almost universally regarded as the fundamental description of nature, with clas-
sical mechanics arising in the appropriate regime as an approximation. The classical description
1s, however, intrinsically non-linear and geometric. The classical phase space, points of which la-
bel classical states, is typically a genuine manifold. This manifold is equipped with a geometric
structure, called a symplectic form. In classical mechanics, observable quantities are represented
by functions on the phase space and each such function determines a (Hamiltonian) vector field.
Each observable then generates, by integration of the corresponding Hamiltonian vector field, a flow

on the phase space which preserves the symplectic structure. As in quantum mechanics, the time



evolution is given by the flow of a preferred observable. The classical time-evolution is, however,
“far from linear”. In a sense, the symplectic structure is somewhat analogous to the inner-product
of quantum mechanics; both are preserved by the flow induced by the observables. However, their
roles seem dramatically different in other respects. While the classical symplectic structure provides
a link between the observables and the dynamics, the Hermitian inner-product is the structure with
which one computes transition amplitudes—entirely quantum mechanical quantities.

It is quite a mystery that this intrinsically non-linear, geometric description of nature is to arise,
in the appropriate limit, from a formalism which is essentially linear and algebraic. One would
expect just the reverse situation! One is more accustomed to linearized equations as approximate
descriptions of some underlying non-linear phenomena. How is the geometric nature of classical
mechanics encoded in the Hilbert space description of quantum mechanics?

Upon deeper reflection, ordinary quantum mechanics is not quite so linear as it is generally
advertised to be. While an element of the Hilbert space determines a state of the quantum system,
the converse is not true. A physical state does not correspond to a unique vector in the Hilbert space;
multiplication of a vector by any complex number yields an element which defines the same physical
state. There is an arbitrariness in the choice of the state-vector corresponding to any particular
physical state; there is, in this sense, a “gauge ambiguity” inherent to the standard formalism. A
physical state then corresponds to a ray in the Hilbert space. The true space of quantum states,
which consists of these rays, is called the projective Hilbert space, and is a genuine manifold. Tt is
fairly natural to ask whether there exists a formulation of quantum mechanics which is intrinsic to
this true space of states—a sort of “gauge-invariant” description.

One would anticipate that such a formulation, if it exists, would rely on a geometric language.
Consider, as a special case, the spin-7 system. The Hilbert space of this system is isomorphic to
C**! and the projective space is CP™—the archetypical Kahler manifold. Since Kahler manifolds
are, in particular, symplectic manifolds, certain ‘classical’ constructions are immediately available.
For example, a function on the projective space defines a corresponding Hamiltonian vector field,
there is a Poisson bracket of functions, etc. A number of very interesting questions naturally arise.
What meaning can be attributed to the Hamiltonian vector fields? Recall that the classical evolution,
as given by Hamilton’s equation, describes the flow along the Hamiltonian vector field associated to
the ‘energy function’. The quantum evolution, determined by the Schrodinger equation, must define
a flow on the projective space. Is this Schrodinger flow described by a Hamiltonian vector field? If
such classical notions are to play a part in a geometric formulation of quantum mechanics, it seems
likely that observable quantities will be represented by functions on the projective space. However,
the space of Hermitian operators on C**! is finite-dimensional, while the space of smooth functions
on CP" is infinite-dimensional. What structure, if any, picks out a preferred class of ‘observable
functions’? Through answers to such questions, a geometrical formulation may provide new insights
into the mathematical structures underlying even the simplest of quantum systems.

Of the current approaches to the classical limit, that which gives the strongest hint of geometric

structure is in terms of coherent states [1]. Coherent states are obtained by the action (on the



vacuum, say) of the so-called dynamical group of the system [2, 3]. In the simple case of the
harmonic oscillator, one may obtain a picture of the classical phase space as a subspace of the
projective Hilbert space. A geometric formulation of the physics which is intrinsic to the projective
space should be expected to provide a link between this algebraic procedure and the geometry of
classical physics. What is the nature of the embedding of the classical phase space in the projective
Hilbert space? In particular, what is the relationship between the classical symplectic structure
and the geometry of the projective space? Perhaps a geometric formulation of the correspondence
between classical and quantum mechanics could provide insights which are otherwise unavailable.
A deeper and more ambitious motivation for seeking a geometric description of quantum me-
chanics is provided by the need for a reconciliation of quantum mechanics and gravitation. The sense
in which general relativity is a geometric theory goes far beyond the fact that it is a classical theory.
The interaction between matter and space-time, as described by general relativity, is essentially
geometric; the very solutions to Einstein’s equation are, after all, space-time geometries. At the
heart of gravitation is (pseudo-) Riemannian geometry. The marriage of quantum mechanics and
this intrinsically geometric description of nature—the problem of quantum gravity—may be safely
said to be deepest of all questions faced by theoretical physicists today. While the approaches to
the problem of quantum gravity which have received the most attention involve the application of
quantization rules to general relativity, should we not expect a modification of quantum mechanics
as well? It seems fairly natural to ask whether quantum mechanics might be an approximation to
an underlying, genuinely non-linear, theory, somewhat analogous to the sense in which Newtonian
gravity approximates general relativity. One barrier to explorations in this direction is the fact that
the linearity of the Hilbert space is not analogous to the linearity of Newtonian space-time; it is the
fact that the Hilbert space is not the true space of physical states that presents difficulties with such
a scheme. How does one “wiggle” the Hilbert space while still preserving the notion of the rays? A
geometric formulation of standard quantum mechanics in a language which is not intrinsically linear
seems the natural direction along which to study such ‘radical’ extensions of quantum mechanics.
It might be hoped that a unified description of nature would also provide a resolution of the
conceptual problems introduced by quantum mechanics. The particularly enigmatic feature of the
quantum mechanical formalism is the presence of two ‘dynamical’ processes—the U-process (unitary
evolution), and the R-process (state-vector reduction), as Penrose denotes them [4]. When not
subject to measurement, the quantum system evolves according to the U-process. However, when
coupled to an external measuring device, the system is forced, by some mysterious mechanism, to
‘collapse’; this is the R-process. One may, at times, feel that this quantum mechanical description
has “no right” to work so well. Indeed, many of the founders of the formalism were, themselves,
reluctant to accept the implications of their own work! Schrodinger himself is known [5] to have
complained, “If we have to go on with these damned quantum jumps, then I'm sorry that I ever
got involved.” The phenomenon of state-vector reduction deeply troubled Einstein as well. Despite
his profound respect for quantum mechanics, he firmly retained his belief in the incompleteness

of the formulation. While unitary evolution is characterized by a precise mechanism, quantum



mechanics apparently lacks the ability to incorporate the means by which the reduction process
takes place; the R-phenomenon is not really attributed to a ‘process’. The quantum measurement
problem goes deeper than this ‘inadequacy’ of the formalism. Any given measurement is performed
by coupling a physical system to an external measuring device. However, the apparatus-plus-system
itself comprises a physical system, and should also obey the laws of quantum mechanics. Since the
apparatus-plus-system is not subject to external influence, it will, according to the postulates of
quantum mechanics, evolve according to the U-process. Hence, a paradox. Quantum mechanics
does not specify the conditions under which a measurement will even occur!

That quantum gravity—whatever that 1s to be—should resolve these difficulties seems a some-
what natural position. Roger Penrose has, to some degree, extended the hope of a resolution to the
quantum measurement problem into a sort of ‘guiding principle’. His suggestion is that gravitation
provide the driving force for state-vector reduction. Unfortunately, this beautiful idea lacks a precise
implementation. In order to attack the problem from this perspective, it would be useful to have a
picture of quantum mechanics which is not only geometric, but also separates those mathematical
structures relevant for the description of unitary evolution and state-vector reduction.

In order to briefly explore the distinction of ‘U’ verses ‘R’, consider again the example of the
spin-% system. The Kahler structure of CP" defines not only a symplectic structure, but a Rieman-
nian metric as well. One therefore obtains a ‘quantum phase space’, which is equipped with some
extra structure. One can, for example, speak of the length of a curve, geodesics, etc. Since these are
notions that are absent from the classical description, it is natural to ask whether these mathematical
constructions are related to the physical aspects of quantum mechanics which do not have classical
analogues. For example, one may wonder whether the notion of uncertainty and the probabilistic
features of quantum mechanics admit a description in terms of the ‘quantum metric’. Does the
Riemannian structure play a role in the description of state-vector reduction? A formulation which
utilizes separate geometric structures for the description of unitary evolution verses state-reduction
seems likely to suggest implementations of Penrose’s idea. Without a geometric description of the
physics, such observations are likely to go unnoticed.

The goal of this thesis is a formulation of the postulates of standard quantum mechanics in a
language which is intrinsic to the true space of states. The intent is to lay a foundation by which one
may study, for example, the classical limit and non-linear modifications of quantum mechanics. The
desired formalism shall be valid for the generic quantum theory; it will, in particular, encompass
quantum field theory.! It should be emphasized that we are seeking a description of ordinary
quantum mechanics; we introduce no new input, but merely acknowledge mathematical structures
which are already inherent to the standard formalism. The difference is one of semantics, but a
potentially useful one.

The description presented here allows one to adopt a viewpoint in which the Hilbert space
is a fiducial structure, not an essential ingredient. A useful, though perhaps flattering, analogy

is provided by Minkowski’s geometric description of special relativity. With Minkowski’s picture,

I1'While it is an important issue, we shall not consider the geometric implications of the existence of unitary

representations of the Lorentz group.



one views the inertial reference frames as fiducial structures which may or may not be introduced
for the description of the physics. It is not possible to over-emphasize the power of Minkowski’s
description; one can often replace confusing calculations involving coordinate transformations with
a single diagrammatic picture. More importantly, the geometric picture of special relativity provides
insights which make certain ‘paradoxical’ results obvious. The so-called ‘twin paradox’is an example;
one simply notices that a curve in Minkowski’s space-time, which is nearly null, has nearly zero
(proper) length. The ‘paradox’ is then rendered a trivial observation! The abstract description
of special relativity illuminates its essential nature and provides, above all, ground-work for the
formulation of general relativity. It seems quite unlikely that the general theory would have ever
been brought to fruition without first obtaining Minkowski’s understanding of special relativity. It
is hoped that a geometric approach to quantum mechanics will provide similar insights.

The next chapter begins with a brief survey of the classical and quantum formalisms. The pur-
pose of this chapter is two-fold; it establishes our notational conventions and provides the insights
which will lead to the geometric description of quantum mechanics. Classical mechanics is discussed
in terms of its natural language—that of symplectic geometry. We recall the role of the symplec-
tic structure and the algebraic structure on the space of classical observables. Next, the essential
features of quantum mechanics are reviewed and, for future reference, the postulates are stated ex-
plicitly. A notable feature of our statement of the postulates is the requirement that the observables
be bounded. This requirement, which as we argue, is supported on physical grounds, greatly simpli-
fies the developments to follow. Our particular emphasis is on the mathematical structures inherent
to the respective formalisms. A number of heuristic similarities between the classical and quantum
descriptions are then outlined. As in classical mechanics, there are two algebraic structures on the
space of quantum observables—a Lie bracket and an Abelian product. We recall Dirac’s heuris-
tic correspondence between the Lie algebraic structures on the algebras of classical and quantum
observables, and discuss the analogy between the corresponding commutative structures.

In §2.3, these heuristic observations are made concrete. We recall the fact that the quantum
mechanical Hilbert space H is naturally described as a Kahler space; the Hermitian inner-product
determines a symplectic form and a metric on the Hilbert space. We will see a sense in which it is
natural to represent observables by certain functions on H—mnamely, the expectation value functions
corresponding to the respective operators. We find that Schrodinger’s equation, when written in
terms of the symplectic form, assumes the form of Hamilton’s equation, the generating function
being the expectation value of the Hamiltonian (in the event that the Hamiltonian is bounded). Tt
is also seen that the commutator of linear operators on the Hilbert space is precisely represented by
the Poisson bracket of the corresponding expectation value functions. The symplectic structure on
H is therefore related to the dynamics, and to the algebra of observables; in the same way as is the
symplectic structure of classical mechanics. The physical meaning of the metric is also explored. It
is found that the notion of uncertainty, and the Jordan product, are naturally expressed in terms of
the metric. At this stage, we ignore the probabilistic features of quantum mechanics.

Chapter 3 contains the core results—the formulation of quantum mechanics in a language in-



herent to the projective Hilbert space, P. After verifying that the projective space is indeed an
infinite-dimensional Hilbert manifold, we turn to its geometric structure. We see that P is a Kahler
manifold; it then admits a symplectic structure and a Riemannian metric (both of which are strongly
non-degenerate). We begin to examine the role of the symplectic structure by use of a little trickery;
by viewing the space of unit vectors in H as a constraint space, we obtain a picture of the projec-
tive space as the reduced phase space of a constrained Hamiltonian system. This construction of
the ‘reduced phase space’ suggests a natural representation of the quantum observables by certain
‘observable functions’ on the projective space. Using standard techniques employed for the study of
constrained classical systems, we obtain an understanding of the role of the symplectic structure on
‘P; in particular, the quantum Poisson bracket between two observable functions precisely represents
the commutator bracket between the corresponding operators on the Hilbert space.

In order to understand the meaning of the Riemannian structure on P, as well to make closer
contact with the underlying Hilbert space, it is useful to employ a particular mathematical tech-
nique for the description of Killing symmetries. This is detailed in §3.1.3. Having developed the
mathematical formalism, we come to a full understanding of the role of the quantum metric in §3.2.
We will have associated a real function on P to each quantum observable in §3.1.2, but will not
have obtained a complete understanding of what characterizes these observable functions. Not all
functions on P are associated to quantum observables; in §3.2.1 we will find that for every function
on P whose Hamiltonian vector field also preserves the metric, there is a corresponding bounded,
self-adjoint operator on H. There is then a one-to-one correspondence between quantum observables
and functions on P which preserve all kinematic structure.

The remainder of §3.2 is devoted to the study of those properties of quantum mechanics which
do not have analogues in the classical formalism. We find, for example, that the uncertainty of an
observable function is given essentially by the length, with respect to the metric, of its Hamiltonian
vector field; the ‘speed’ of the flow generated by an observable is directly proportional to the uncer-
tainty of that observable. An explicit expression for the Jordan product, in terms of the projective
metric, is also given. Finally, we turn to the issue of measurement. Remarkably, we find that the
probabilistic features of the quantum mechanical formalism are captured by the Riemannian geom-
etry of the quantum mechanical phase space. In fact, we find that the relevant probabilities may be
written in terms of the geodesic separation of points on P. In particular, we will see a precise sense
in which, as the result of measurement, the quantum system is more likely to collapse to a nearby
state than a distant one.

Chapter 3 1s concluded with a restatement of the postulates in geometric terms, and the example
of the spin—% system 1s presented. Quantum mechanics will have been seen to be a particularly special
case of classical mechanics which incorporates an additional geometric structure. A particularly
attractive feature of the formalism is the fact that the classical aspects of quantum mechanics
are neatly separated, in a mathematical sense, from the purely quantum mechanical features. For
example, while unitary evolution and the Poisson structure are described by the symplectic structure,

the reduction process and the notion of uncertainty are described in terms of the metric.



The fact that this description of quantum mechanics possesses such obvious ‘classical’ features
suggests a natural question: What happens if we pretend that it is a classical theory and quantize it
again? This question is answered in Ch. 4. A natural guess is that the quantization procedure may
be stable, i.e., that re-quantization will simply produce the quantum theory from which we started.
Since the projective space admits the obvious Kahler structure, which we will have studied in detail,
the obvious route to re-quantization is via geometric quantization. In §4.1. we apply this method to
the ‘fake classical theory’ described by the symplectic structure on P, and find that the above guess
18, in fact, correct. In the next section, we observe that there are actually many natural symplectic
structures on P, our choice being, in a loose sense, the preferred one. We find that by quantizing
all of these symplectic structures at once, one obtains the standard result of second quantization, in
terms of the symmetric Fock space.

Having accomplished our main goal in Ch. 3, in Ch. 5 we make some preliminary investigations
along the lines suggested in the introductory paragraphs. We begin by considering generalizations
of quantum mechanics. In exploring such an issue, it is important that one understand how much
of a generalization is made by altering a particular feature of the standard formalism. After all,
generalizations are easy to come by; physically relevant ones are not. Therefore, in §5.1 we present
a partial characterization of standard quantum mechanics in terms of the structures one is likely
to modify—the manifold, the observables and the evolution. We then consider the most obvious,
though perhaps not the most physical, generalization—one in which all functions on the projective
space are allowed as observables. This is seen to correspond exactly to Weinberg’s formalism [6].
The sense in which our description captures the essential nature of Weinberg’s generalization is
seen in §5.2.2, in which we learn that the proposal of Bialynicki-Birula [7] is, contrary to one’s
first impression, consistent with Weinberg’s framework. The purpose of this observation is not to
encourage the Bialynicki-Birula proposal, which is inconsistent with experiment [6], but to emphasize
the clarity provided by the geometric approach.

In §5.3 we outline some ideas with which to study semi-classical physics; we consider only the
case 1n which the classical phase space is linear. In this case, there is a natural fibration of the
quantum phase space, which allows one to view P as a bundle over the classical phase space. With
this picture, one can explicitly describe the kinematic classical limit; we obtain a description of the
classical symplectic structure as the ‘horizontal part’ of the quantum symplectic structure. In fact,
the horizontal spaces just alluded to are integrable, and any given leaf will be described in terms of
Perelomov’s generalized coherent states (as defined in [8]). In this way, we may embed the classical
phase space in the quantum one in a number of ways; a particularly natural such embedding is
defined by the standard coherent state space. Ideas for examining the relationship between classical
and quantum dynamics are briefly explored by use of the simplest realistic example—the harmonic
oscillator. Section 5.3 1s concluded with a look at the Hamilton-Jacobi approach to the classical
limit. We find that the ‘approximate’ quantum evolution determined by the mock Hamilton-Jacobi
equation actually defines a generalized dynamics compatible with the Weinberg formalism.

The thesis is concluded with a brief summary in Ch. 6.



It should be stated that this work aims toward the mathematical end of the spectrum in the-
oretical physics. The intended audience consists of somewhat mathematically oriented theorists.
Therefore, we aim for a peculiar balance; while the phenomenologist is not likely to have patience
for such mathematical considerations, the mathematician may grow impatient with detailed intu-
itive explanations of straight-forward mathematical statements. In an attempt to achieve the right
balance, every attempt is made to obtain mathematical rigor, while at the same time achieving an
understanding of the physical relevance of the structures involved.

This work was intended to be an extension of a paper by Kibble [9]. However, after completing
most of the work, we learned of some independent work in similar directions. The fact that the
Hilbert space is naturally viewed as a symplectic space was noticed at least twenty years ago by
Chernoff and Marsden [10]. In 1985, Heslot observed that quantum mechanics admits a symplectic
formulation in which the phase space is the projective Hilbert space[11]; the discussion, however,
was limited to the finite-dimensional case, and included neither a discussion of the role of the metric
nor the probabilistic features of the formalism. Anandan and Aharonov rediscovered some of these
results, and included some of the probabilistic aspects[12]. This work was also limited to the finite-
dimensional regime and focused primarily on quantum evolution. Similar observations were also
made by Gibbons [13] in a different context; Ch. 4 gives a complete answer to the question asked
at the conclusion of Ref. [13]. A fairly complete treatment of the finite-dimensional case was given
by Hughston [14]. Finally, in Ref. [15, 16] one may find discussions related to the material in Ch. 3
and §5.1.



PRELIMINARIES

In order to make the above ideas more precise, we will begin with a brief review of classical mechanics
in the language in which it is naturally formulated—that of symplectic geometry. We recall the
roles played by the symplectic structure; its relation to the classical dynamics, and the Poisson
structure on the space of classical observables determined by its inverse. In §2.2 we recall the basic
features of the quantum formalism. After stating the postulates of quantum mechanics, we discuss
the algebraic structures inherent to the space of quantum observables, and discuss some heuristic
analogies between the classical and quantum formalisms. The main purpose of these sections is
to establish our notational conventions, and provide perspective for the developments that follow.
Finally, in §2.3 we add precision to the structural similarities outlined in the previous section. In
particular, we find that the Schrodinger equation may be expressed in exactly the same form as
Hamilton’s equation, and that the commutator of quantum observables may be expressed precisely
as a Poisson bracket. We also discuss the structure which does not have a classical analog—the

Riemannian structure.

2.1 Classical Mechanics

Classical mechanics is one of the most beautiful works of science. The relationship between the
Lagrangian and Hamiltonian formalisms is deep and well worth an exposition of its own. It is, in
fact, difficult to find references which give justice to the structures involved in classical mechanics;
Lanczos [17] provides a nice starting point. While it is tempting to provide a broad survey, we will
merely review that which is essential for the development of this thesis—the Hamiltonian mechanics.
For a more complete treatment, see, for example, Arnol’d [18].

The arena of Hamilton’s mechanics is the classical phase space. The phase space T' is equipped
with a closed, non-degenerate 2-form, Q,5. Such a differential form is called a symplectic form, and
(T, Q) is called a symplectic manifold. As a consequence of the existence of Q, T' must be even-

dimensional. Since €4 is non-degenerate, it provides a canonical way of identifying the tangent and
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cotangent spaces at any given point p € ['; i.e., the map
v? = (1,Q)a = " Qg (2.1)

is one-to-one and onto. It is convenient to denote the inverse mapping by the unique skew-symmetric
tensor field Q2 for which

Qa2 =4,° (2.2)
With our conventions, the inverse of the mapping (2.1) may then be written
ug > 0%y, (2.3)

Given a manifold equipped with a special geometric structure, it is natural to consider diffeo-
morphisms which preserve that structure; in our case, such diffeomorphisms are called canonical
transformations. Let us then suppose a vector field X generates a motion along I' which preserves

the symplectic structure, i.e.,
Ozfxg:(ixd—{—dix)ﬂzdixﬂ. (24)

The 1-form corresponding to X is then closed. Such a vector field is called a locally Hamiltonian
vector field or, sometimes, an infinitestmal canonical transformation. If, in addition, ix 2 is exact
(as must be the case if, for example, T is simply connected), there exists a function f: T — R for

which
ixQ =df, whichimplies X% =Q%®8,f. (2.5)

Equation (2.5) may be used to construct a vector field from any smooth function f : T' — R.
The corresponding vector field is called the Hamuiltonian vector field associated with f, and is de-
noted X¢. Thus, any function f on the phase space generates a one-parameter family of canonical
transformations.

It may be informative to note that the space of infinitesimal canonical transformations is therefore
infinite-dimensional. This should be contrasted with the analogous situation encountered for metric
manifolds, for which the space of infinitesimal symmetries (Killing vector fields) is necessarily finite-
dimensional. In this sense, a symplectic structure provides less information than does a Riemannian
metric. The intuitive meaning of € is the specification of the area of the parallelogram spanned by
any two tangent vectors. A Riemannian metric determines also the lengths of the edges.

The points of I' label states of the physical system under consideration. The time-evolution deter-
mines a flow on I" which preserves the symplectic structure, and hence a preferred local Hamiltonian
vector field Xj, on T'. We typically assume that X}, is also globally Hamiltonian (hence the notation).

In this way, the dynamics is specified by a function A : T — R—the classical Hamiltonian'.

1For simplicity, we consider only the case for which the Hamiltonian is time-independent.
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2.1.1 The algebra of classical observables

The space O of classical observables consists of all smooth functions on the phase space. The
concept of measurement in classical mechanics is straight-forward. If the classical system is in the
physical state labeled by the point p € T', then an ideal measurement of f simply produces the value
f(p), and does not influence the Hamiltonian evolution.

Point-wise multiplication of functions gives O, the structure of an associative, commutative

algebra. A second important algebraic structure is provided by the Poisson bracket,

{f.9}et 1= (8a)Q (Dog) = Xq(f)

=Q(X;,X,). (29)

It is easy to see that the Poisson bracket is a Lie bracket on O, which acts as a derivation; i.e.,

given fagaheocla

{f1gh}cl :g{fvh}cl +{f7g}clh~ (27)

Since, £x,Q2 =0, £xiy —iy £x = i[x,y], and, when acting on differential forms, the Lie derivative

is given by the identity £x = ixd + dix,

d{fag}Cl = d[Q(Xf’Xg)] = dnginQ

= (£x, —ix,d)ix, Q= £x,ix,Q —ix, £x,Q (2.8)
= Z[ngXf]Q
Thus, Xyf g1, = —[Xf, Xg], so the mapping f — X is an anti-homomorphism from the Poisson

algebra of observables into the Lie algebra of smooth vector fields on I'.
Notice that, from Eq. (2.6), if A is the classical Hamiltonian, then the rate of change of any

classical observable f is given by the familiar expression,

f=Xu(f) = {f h}a. (2.9)

One may recover the more familiar form of Hamilton’s equations by use of the Darboux theorem [19],
which guarantees the existence of local (canonical) coordinates (¢, p;) with respect to which the

symplectic structure may be written
Q =dq! Adp;. (2.10)

The Poisson bracket then assumes the form

of dg  Of Og

{fag}cl = 3_qlﬁ_pl - 3_]923_(]“

(2.11)

which, when combined with equation (2.9) yields the equations

. OH . 0H

)

T=m M=
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The phase space described in the standard textbooks is typically a cotangent bundle T,C over
some configuration space C. Any set of local coordinates ¢¢ on € induces a natural set of coordinates
p; on the cotangent spaces; any covector p may be written p = pidq?. The symplectic structure is
then defined as in Eq. (2.10). Note, however, that the abstract formulation is a slight generalization
of this standard picture since there exist symplectic manifolds which are not cotangent bundles. The

two-sphere is a notable example, quantization of which gives the quantum models of spin.

2.1.2  Field theory

We have tacitly restricted attention to the case in which T is finite-dimensional. While there are
plenty of finite-dimensional classical theories with practical applications, field theory is of obvious
interest as well. There are two notable complications that arise upon consideration of the infinite-

dimensional case. First, a definition is in order.

Definition 2.1. A skew-symmetric tensor Ty, on a vector space V is called weakly non-degenerate
if the mapping v® — v®T}, is injective. If T}, is weakly non-degenerate and the above mapping is

also surjective, then T is said to be strongly non-degenerate.

Of course, this definition may be extended to arbitrary tensors on V; in particular, one may speak
of strong and weak metrics on V.

A strongly non-degenerate tensor then provides a canonical identification of V' (a tangent space
being our particular interest) and its dual (the cotangent space, in our case). Unfortunately, in
classical field theory, the symplectic form is typically weakly non-degenerate, but not strongly so,
and therefore, not invertible. While this fact introduces technical problems for the general case, our
interests will allow us to avoid these problems here.

The second technicality, which we will not have the fortune of avoiding, is the fact that the
Hamiltonian evolution is, in general, not generated by a function on the phase space. Similar to the
situation in quantum mechanics, in which one considers self-adjoint operators which are defined only
on dense subsets of the Hilbert space, the classical Hamiltonian function is typically only defined on

a dense subset of the phase space [20]. It is the flow on T that is globally defined, not the generator.

2.2 Quantum Mechanics

While the classical formalism is essentially geometric in nature, the standard treatment of quantum
mechanics is intrinsically algebraic. The arena in which the quantum evolution takes place is a
Hilbert space, H, and quantum observables are typically represented by self-adjoint linear operators

on H. The evolution is determined the Schrodinger equation,
ih = A, (2.12)
where H is, of course, the Hamiltonian operator.

Unfortunately, there is no available structure on the space of self-adjoint operators on a Hilbert

space. For example, (—1 times) the commutator of two self-adjoint operators is not, in general,



13

self-adjoint. Clearly, life would be much simpler if we were to restrict our attention to the bounded
(genuinely Hermitian) operators. Why, then, is this not the standard procedure? Presumably, the
answer to this question is that the basic operators Q and ]3, with which we are so familiar, are
unbounded. If we were to eliminate the unbounded operators from the set of quantum observables,
we would lose the quantum analogues of the basic classical observables.

But we would gain so much in return! Elimination of the technicalities introduced by unbounded
operators not only simplifies the mathematics; it provides operational accuracy as well. To measure,
say, the () operator is to ask a question such as, “where in the world is that electron?” But the
experimental physicist cannot ask that question. The experimentalist can only ask the question,
“where in my laboratory is that electron?” The operator corresponding to this question may be

written, in the Schrodinger representation, as

R z¥(z), if “zisin the lab”
(Qlab\Ij)(I) =

0, otherwise.

Qiap is clearly a bounded operator. Further, when acting on states which are concentrated in
the laboratory, Qjap provides an excellent approximation to Q. (This discussion of what is actually
measured 1s not quite correct. The operational aspects of the type of measurements that are actually
performed are briefly discussed below.) In practice, we cannot obtain arbitrarily large values as
the result of an actual experiment; any given experimental setup will produce only values in a

corresponding bounded interval of the real line. Thus, we will use the following;:

Definition 2.2. The space Oy of quantum observables consists of all bounded, self-adjoint, linear

operators on the Hilbert space.

It is not immediately obvious that one may, in practice, measure an arbitrary observable in the
laboratory. Of course, we will not pretend to resolve this issue.

It is important to note that with this definition, for most realistic systems the Hamiltonian
operator will not be classified as an observable of the theory. This is beyond our control since the
generator of the time-evolution is generally unbounded. One might complain that since energy is a
physical quantity, the formalism ought to allow for its measurement. We would simply argue that
any particular measurement actually corresponds to a bounded operator, which equals H in the
region of Hilbert space in which the system has been prepared.

It may be of some consolation to note that this is not a special feature of quantum mechanics; it
i1s an artifact of the infinite dimensionality of the state space. As mentioned above, for an infinite-
dimensional classical theory, the Hamiltonian evolution is typically not generated by a smooth
function on the phase space. In the classical (resp. quantum) picture, the evolution is given by
a one-parameter family of symplectic (resp. unitary) mappings on the phase space (resp. Hilbert

space), but the infinitesimal generator is only densely defined.
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2.2.1 The postulates of quantum mechanics

For future reference, it will be convenient to have stated the postulates of quantum mechanics
explicitly. Since the Hilbert space associated to essentially every physically realistic quantum theory
is infinite-dimensional, a number of technical issues arise in a rigorous axiomatic approach. A
treatment of these details, appropriate for the mathematically minded theorist is presented in [21].
One will find a detailed mathematical approach in [22].

Since bounded operators are defined on the entire Hilbert space, the issue of specifying domains of
observables is straight-forward. However, there is an additional technical difficulty; even a bounded
operator may have no eigenvalues. The (Q1ap operator on the Hilbert space H = L?(R) is, perhaps,
the most familiar example. Any real number zg (corresponding to a location “in the laboratory”)

is “almost an eigenvalue”, in the sense that
“(Quabd) (¢ — z0) = 2od (2 — 20)”,

where §(z — ) is the Dirac delta ‘function’. Unfortunately, since §(z — zg) is not an element of
the Hilbert space, this equation is merely formal. Use of the projected operator Qlab provides no
simplification in this regard.

In infinite dimensions, one must extend the notion of the spectrum. The spectrum of an operator
A is the set of complex numbers a for which the operator A — al is not invertible (the inverse of
a bounded operator, if it exists, must also be bounded). Since observables are bounded self-adjoint
operators, the spectrum of any observable is a compact subset of R [21, Ch. 50]. Notice that an
eigenvalue of A is necessarily an element of the spectrum of A.

If # is finite-dimensional, the spectrum of an operator A consists of the eigenvalues of A, and

the operator may be decomposed as
A=) aiPha,
i

where P ; - 1s the projection onto the eigenspace corresponding to the eigenvalue ;. The spectral
theorem for the infinite-dimensional case is quite a bit more complicated [21, Chs. 49-54]. One

2

essentially replaces the above sum by the integral “A = fad]P)Aya , over the spectrum of A. The
integrand contains the ‘projection’ dpA,m which is generally not a well-defined operator on the
Hilbert space. Intuitively speaking, d]P)Aya(\Il) may become a Dirac delta ‘function’. What is defined
is the integral “PA,A = fA dpA,a” over a measurable subset, A, of the spectrum of A. One useful
peculiarity of this intuitive description is the following. Suppose A consists of the single point «.
If a is an eigenvalue of A, the above projection is simply the projection onto the corresponding
eigenspace. Otherwise, it vanishes identically.

As an example, let H consist of the square-integrable functions on R, and consider an operator

of the form
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where f is some complex-valued function. Note that for f(z) = z, we obtain the position operator
Q. The spectrum of A is the (closure of the) image of f, and the projection operator determined by
the set A is given by

U(z), f(z)eA

0, otherwise.

(Pa¥)(z) =

Thus, the projection Paa simply kills that part of the wave function at which f(z) lies outside of
A. The complex number « is an eigenvalue of A if, for example, f assumes the constant value a
on some interval of R. For operators not of the above form, one simply goes to the representation
tailored to the operator—for P, this would be the momentum representation—and performs the
same operation.

We are now prepared to state the postulates of quantum mechanics:

(H) Hilbert space: Physical states of the quantum system are in one-to-one correspondence with

rays in a Hilbert space, H.

(U) Unitary evolution: The system, when not subject to external influence, evolves according to

the Schrodinger equation, ih% = HV, where H is a preferred self-adjoint operator on #.

(O) Observables: Every measurable physical quantity is represented by a bounded self-adjoint

operator on H.

(P) Probabilistic interpretation: Let A C R be a measurable subset of the spectrum of F, and
suppose the system 1s in the state determined by the vector ¥ € H. The probability that
measurement of F' will yield an element of A is given by

P (T
iy = 2020

(2.13)
(Rp) Reduction, discrete spectrum: Suppose the spectrum of an observable Fe Qg is discrete.
This spectrum provides the set of possible outcomes of the ideal measurement of F. If measure-
ment of F yields the eigenvalue A, the state of the system immediately after the measurement

is given by the associated projection, Pz , (¥), of the initial state .

Statement of the ‘reduction postulate’ (R), for the case of the continuous spectrum, requires some
further considerations. One’s first thought is simply to replace the eigenvalue A appearing in the
projection with a measurable subset A of the spectrum. However, if measurement of F yields a value
contained in A, then it also yields a value contained in any larger set AD A, and the projected state
Ppar () is surely different than the state ]P)F,A(\II)' To which state does the system collapse? This
can be understood by considering what is actually done in the laboratory. In the case of a position
measurement, for example, one might set up an array of detectors. A given detector corresponds
to some subset A; of the spectrum, which, in turn, determines the projection operator PQ,A,' The

projection operator pQ,Al is a Hermitian operator whose spectrum consists of the numbers 0 and



16

1. Tt is therefore an observable which asks the question, “Is the particle here, or not?” Since the
A; in our example are disjoint (no two detectors overlap); the operators Py A, commute amongst
themselves and can be ‘measured’ simultaneously. One can model this situation with the operator
Q{Al} = )‘iPQ,Al’ where ); 1s, say, the location of the center of the ith detector. The Q{Al}
operator is a bounded, self-adjoint operator with discrete spectrum. In fact, the spectral theorem in
infinite dimensions states that one may approximate any self-adjoint operator, as closely as possible,
in just this manner. Thus, in a sense, one does not quite measure operators with continuous spectra;
one measures the approximations described by the spectral theorem.

To describe the above in a more succinct way, a (bounded) self-adjoint operator F does not
actually correspond to a single measurable quantity. To any measurable subset of the spectrum of
F is associated a projection operator; these projection operators may be associated with measurable

quantities. One may then state the ‘reduction postulate’ as follows:

(R¢) Reduction, continuous spectrum: A measurable subset A of the spectrum of F determines an
ideal measurement that may be performed on the system. This measurement corresponds to
inquiring whether the value of F lies in A. Immediately after this measurement, the state of the
system is given by Pz , (¥) or P ,.(¥), depending on whether the result of the measurement

is positive or negative, respectively.

In postulate (R¢) above, A° is the complement, in the spectrum of F, of A. A few additional

comments regarding the postulates are in order:

o If ¥ £ 0, then for each non-zero complex number z, ¥ and z¥ correspond to the same physical

state. The zero element of the Hilbert space has no physical meaning.

e Objections to the phrases “not subject to external influence”, and “ideal measurement” are
completely justified. We will make no attempt to justify this terminology or to pursue the
philosophical implications of the postulates; we will merely examine their mathematical con-
tent.

e Although the domain of a generic self-adjoint operator, such as the Hamiltonian H, is not the
entire Hilbert space, one can show [10] that any self-adjoint operator generates a well-defined

flow on H.

o Let the set A in postulate (P) consists of a single real number A. Tf A is an eigenvalue of F', then
P 4 is the projection onto the corresponding eigenspace, and one obtains the statement found
in any textbook. If A is not an eigenvalue, the corresponding projection vanishes identically,

as mentioned above.



17

2.2.2  The algebra of quantum observables

One of the attractive and useful features of our definition of O, is the fact that it possesses a nice

algebraic structure. In particular, let us define
{F,G}qu = =[F,G], (2.14)

where [F, G] denotes the commutator of linear operators. It is a trivial matter to show that this
defines a Lie bracket on Qg,. Dirac’s heuristic prescription [23, Ch. IV] of associating operators F

and G to classical functions f and g, respectively, then becomes
{fag}d = {F:G}qu

There is also a commutative structure—a Jordan product—on the space of observables [24],

which may be defined as
[F7 G]-l—v (215)

where [F, G]+ = FG + GF is the anti-commutator of ' and (. In addition to Dirac’s quantization
prescription, one often enforces the requirement that the Jordan product of elementary quantum
operators corresponds to point-wise multiplication of the corresponding elementary classical observ-
ables [25, Ch. 10].

As in the classical description, the quantum Lie bracket acts as a derivation on the commutative
algebraic structure defined by Eq. (2.15),

{Fa {Ga ﬁ}+}qu = {G:{Fa[:[}qu}-}- + {{F:G}qu’ﬁ}+' (216)

The difference is that the commutative structure involved in classical mechanics is associative, while
its quantum mechanical analogue is not. The non-associativity of the Jordan product is, however,

under control; it can be written in terms of the Lie bracket as

(PG )4y — (P, Gy )4 = (2) (G AF HY g} (2.17)

Loosely speaking, in the limit A — 0, the Jordan algebra “becomes associative”, and a classical
algebraic structure is recovered. As far as we are aware, there does not exist a clean formulation of
the relationship between the classical and quantum kinematics in terms of the Jordan product. For
a more precise discussion of this idea, see [26].

In this context, it is worth reflecting upon the traditional dogma which focuses on the non-
commutativity which is so “fundamental” to quantum mechanics. After all, the non-commutative
structure in quantum mechanics is, as Dirac pointed out long ago, strictly analogous to a non-
commutative structure in classical mechanics. Moreover, the additional algebraic operation involved
in quantum mechanics s commutative. Despite the radically different world views suggested by the
respective descriptions, there are striking similarities in mathematical form. We will now begin to

follow them to their logical conclusions.
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2.3 The Inner-Product as a Kahler Structure

We have seen that the algebraic structures involved in quantum mechanics are quite similar to those
of classical mechanics. In fact, many of these similarities can be put in a more suggestive form
with a suitable description of the Hilbert space. The method 1s remarkably simple; describe the
Hilbert space H using the mathematics that mirrors our intuitive description of the complex line.
We typically think of C as a two-dimensional real vector space with a preferred linear operator.
Multiplication by i is represented by a counter-clockwise rotation by m/2. More explicitely, the
complex number z = z + iy is represented by the vector (z,y), so that the vector corresponding to
iz is (—y, z).

One can do exactly the same thing for any complex vector space. Thus, let us view the Hilbert
space as a real vector space, on which there is a complex structure, J. This J is a linear operator
which represents multiplication by i; therefore, J? = —1. Since H is now viewed as a real vector
space, the Hermitian inner-product is slightly unnatural. Let us then decompose it into real and

imaginary parts,?

(®,¥) =: %G(@,\p) + %Q(@,\Il). (2.18)
Since (@, ) = (¥, ),
G(®,0) = G(¥,®) and Q(®,¥) = —Q(T,d). (2.19)

Furthermore, since (,) is positive-definite, so is G}
G(¥,¥) >0, and G(¥,¥) =0 ¥ =0. (2.20)

Thus, G is a positive-definite real inner-product on .
In order to display the relationship between G, Q and J, we use the meaning of the complex

structure. Since, the Hermitian inner-product respects multiplication by i, (J®, J¥) = (®, T),
G(J®,J¥) = G(®,¥) and Q(J,J¥) = Q(®, V), (2.21)
i.e., J is preserved by G and Q. Next, since (®, J¥) = i(P, ¥), we immediately obtain the relation
Q@) = —G(®, J¥) = G(J®, T), (2.22)
or, equivalently,
G(®,T) = Q(®, JU) = —Q(J®, T). (2.23)

Given a complex vector space with a (real) inner-product G, one may always define a skew-
symmetric bilinear form as in Eq. (2.22). This form is called the K&hler form, and the above

relations define what is called a Kdhler structure. One should note that mathematicians typically

2The reason for the seemingly awkward factors of (2ﬁ)_1 will become apparent below.
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use a convention which differs in sign from that in Eq. (2.22). Our difference in sign may be
considered a result of the physicists convention in which the Hermitian inner-product is taken to be
linear in the second argument.

Finally, since # is a Hilbert space, the Hermitian inner-product is strongly non-degenerate;
given any continuous linear function A : # — C, there exists an element ®4 € H for which
A(T) = (D4, T) ¥V ¥ € H. By taking real and imaginary parts of this statement one immediately

obtains the following:
Lemma 2.1. G and Q are strongly non-degenerate bilinear forms on H.

Consider, for a moment, the Kahler form . By use of the canonical identification of the tangent
spaces of H with H itself, we may extend Q to a differential form on #. This trivial operation then
yields a strongly non-degenerate, closed 2-form on H. In other words, Q2 is a symplectic structure.
In particular, its inverse can be used to define Poisson brackets and Hamiltonian vector fields! In
the next couple sub-sections, we will see that this symplectic structure provides insight into the

analogies outlined above.

2.3.1 Schrodinger’s equation is Hamilton’s equation

Let us begin with another trivial observation: A linear operator on H is a vector field; to the
point ¥ € H the operator A associates the vector A¥. Let us consider only those operators which
correspond to observables—the bounded, self-adjoint operators. The Schrodinger equation, which

may be more suggestively written as
W=l
= ,
motivates us to associate, to each observable Fe Ogu, the vector field
1 .
Yp (W) = —EJF\II, (2.24)

which we will call the Schrodinger vector field determined by the observable F. A quantum me-
chanical system simply evolves along the Schrodinger vector field associated with the Hamiltonian
operator.

As we know from standard quantum mechanics, any self-adjoint operator generates a one-
parameter family of unitary mappings on the Hilbert space. In particular, the Schrodinger vector
field determined by any observable F' preserves the Hermitian inner-product and, hence, both the
metric G and the symplectic structure Q. Therefore, by Eq. (2.4), Y is a locally Hamiltonian vector
field, and, since H is a linear space, also globally Hamiltonian! In fact, the generating function has
a great deal of physical content; it is simply the expectation value of F.

It will be useful to see this explicitly. Given an observable F, denote by F : H — R the

expectation value function;

F(U) = (F)(¥) = (¥, F¥) = —G(¥, F¥). (2.25)
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This notation will be used throughout; the expectation value function will be denoted by “un-
hatting” the corresponding operator. Note that we are not dividing by the squared norm of ¥; F' is
quadratic in ¥. If 5 is a tangent vector at ¥, then

(dF)(n) = %(\Ifﬂn, F(¥ +tn)) = (W, Fn) + (n, F)
= 2Re(n, F\Il> = %G(F\II’ n) = G(JY(¥), n) (2.26)
= Q(Yz, n),

where we have used, in the second line, the symmetry of F', and Egs. (2.22) and (2.24). Therefore,
dF = l'yﬁQ.
We then have the following:

Lemma 2.2. The Schrodinger vector field Yy determined by the observable Fe Ogu 15 exactly the
Hamiltonian vector field Xp generated by the expectation value of F.

This result holds without qualification in the infinite-dimensional case. As a particular conse-
quence, in the event that H is finite-dimensional, the Schrodinger equation corresponds exactly to
Hamilton’s equation of classical mechanics, the generating function being given by the expectation

value of the Hamiltonian operator.

2.3.2 The commutator is a Poisson bracket

The result of §2.3.1 strongly suggests a phase space formulation of quantum mechanics, in which
observables are represented not by operators, but by real-valued functions, as in the classical case.
We also have the obvious candidates—the expectation value functions, which have been seen to
generate the motions of the corresponding operators. Let us then ask if the Lie bracket defined,
in terms of the commutator, by Eq. (2.14), assumes a natural form in terms of the respective

expectations. In other words, we ask whether the function

(1)

is naturally expressed in terms of the functions F' and K.
The calculation is remarkably simple; by use of the Hermitivity of the relevant operators and
Egs. (2.18), (2.21) and (2.24),
1~ 1 PN 17, - . . -
CIF, K] (9) = —(¥, (FK — KF)¥) = — ((qu, KW — (K9, F\Il))
ih ih ih
2 - . 1 . . 9 ¢
= SIn(FY, K¥) = —Q(F¥, K¥) (2.27)

= Q(YF, Yf() = Q(XF, XK)
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Therefore, the algebraic operation on the expectation value functions, which is induced by the com-
mutator bracket is ezactly a Poisson bracket! Note, however, that this is not Dirac’s correspondence
principle; the Poisson bracket here is the quantum one,; determined by the imaginary part of the
Hermitian inner-product. The Lie structure inherent to the algebra of quantum observables may be
written in precisely the same language familiar to the classical physicist. In summary, we have seen

the following:

Lemma 2.3. Let F and K be the ezpectation value functions of the observables F and K, respec-
tively. Denote by H the expectation value of the Lie bracket ofﬁ and IA(, as defined by Eq. (2.14).
Then H 1is the Poisson bracket of F' and K, with respect to the quantum symplectic structure;

H=Q(Xp, Xk).

In what follows, we will slightly abuse notation and denote the quantum Poisson bracket by the

same symbol used for the Lie bracket on O,
{F, K} = QXr, XkK). (2.28)

This should not provide a source of confusion, as we will soon dispense with the operators and deal

only with the expectation value functions.

2.3.3 Heisenberg’s uncertainty principle and Riemannian geometry

The above interpretation of the imaginary part of the Hermitian inner-product has been discussed
by a number of authors; see, e.g., [10, 11]. The real inner-product G, however, has received little
attention (see also [14]).

The symplectic form has seen to be related to the Lie bracket on the algebra of observables. One
may guess that the metric is related to the Jordan product in a somewhat similar way. That this
is, in fact, the case is not difficult to see. In analogy with the question leading to Eq. (2.27), let us
ask whether the function <%[F, IA(]+> is related, in a simple way, to the functions F' and K. Just

as in the previous discussion,

((Fq:, R + (K0, F\p>) - %G(ﬁm, K0

N | —

<%[F fq+> (¥) = - (2.29)

N

f
G(Yg, Vi) = 5G(Xp, Xi).

Therefore, up to the factor A/2, the expectation value of the Jordan product is simply given by the
(real) inner-product of the Hamiltonian vector fields associated with the expectation value functions.

As before, we will abuse notation and write
h

and will call this the Riemann bracket of the functions F and K. The expectation value of the
Jordan product of two observables is then the Riemann bracket of the corresponding expectation

value functions. This additional terminology will become useful in the next chapter.
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Up to this point, we have considered those structures which have classical analogues. The
measurement aspect of quantum mechanics, however, are vastly different than that of classical
mechanics. In particular, the notion of uncertainty is particular to the quantum formalism. Thus,
let us now turn to the consideration of the uncertainty of observables, and Heisenberg’s relation. In
order to avoid factors of [|¥]|?, that would otherwise appear in the expressions below, we will restrict
attention to the space of vectors with unit norm (with respect to the Hermitian inner-product). Tt is
not difficult to insert appropriate scaling factors in the following equations, where they are obviously
necessary.

The expression of the uncertainty of an observable F, in terms of the expectation function F, is

immediate:
(AF)? =(F? — F? = {F,F}, — F*. (2.31)
Heisenberg’s relation, as often stated, is

i

(AF)}(AK)? > <_§[F,fq>2 = (g{F,K}qu)Q. (2.32)

There is, however, a stronger inequality. For example, Shankar [27, Ch. 9] gives a short derivation

of the following;:
- 5 i\ 1. . 2
(AF)Z(AI{)2 Z <_§[F:I{]> + <§[Fhoral{hor]+> s (233)
where Fhor is the nonlinear operator defined by
Fron(W) = (%) = F(¥). (2.34)

As we will see later, Fhor is the Q-orthogonal part of F. The inequality (2.33) then takes the form
sarr? s (Bp ey ) : 2 .
(AF)*(AK)® > E{F’ K} | + ({F,K}4y— FK)". (2.35)

Let us briefly explore the meaning of this second term in the stronger version of the Heisenberg
uncertainty relation. Given two probability distributions, p; and p2, on R, a meaningful measure of

the statistical dependence of one on the other is given by the covariance

Cov(p1, p2) == { (p1 — {p1)) (p2 — (p2)) ),

where {p) denotes the mean value of p. Of course, a quantum observable F associates, to every (nor-
malized) vector ¥, a probability distribution with expectation value (F)(\II) = F(¥). Unfortunately,
the probability distributions corresponding to two different observables, F and K, live on different
spaces; the potential values given by measurement of F are different than those for K. Therefore,
the covariance, ((F — (F)) - (K — (K))), at ¥ does not quite make sense physically. Naively calcu-

lating this quantity would yield a complex value since FK is, in general, not another self-adjoint
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operator. However, by replacing the associative product of operators by the Jordan product, one

obtains a reasonable (real) quantity, which may be viewed as the “quantum covariance”,

PN 1 A .
Covy (F, K) = 3 <[F _F K- K]+> = ({F, K}y - FK)|,, (2.36)
4
of F and K at ¥. This covariance is the additional term seen in Eq. (2.35).
Notice that the usual uncertainty relation, Eq. (2.32), is saturated at ¥ only if the covariance of
F and K vanishes. It is interesting that at these minimum uncertainty states, the Jordan product

“acts classically”, in the sense that

{F,K}4+(¥) = F(¥)K(¥) if the inequality (2.32) is saturated at ¥.

2.3.4 Remarks

Throughout this section, we have intentionally avoided use of an index notation. This has been done
primarily for psychological reasons. The sight of indices, to many people, suggests the manipulation
of tensor components. In infinite dimensions, summation over an infinity of components is, of course,
taboo.

In this context, Penrose’s abstract index notation [28, 29] is especially powerful. The superscript

b is simply

appearing on v® merely indicates that v is a vector field and the contraction Typv®w
another way of writing T'(v, w). A caveat, however, is to be kept in mind: the tensor Ty takes two
vectors as its arguments. The quantity 7,, G, which is perfectly well-defined in finite dimensions,
is not defined in infinite dimensions. However T;.J%, for example, is well-defined; its action on the
vectors v® and w? is simply T,.J¢v?w® = T(v, Jw). This notation can greatly simplify calculations,
and will be used throughout the rest of the thesis, except in situations where the objects of interest
are differential forms. In that case, we will usually use an index-free notation.

The real and imaginary parts of the Hermitian inner-product in Eq. (2.18) determine covariant
tensors, Ggp and Qgp, which may be trivially extended to tensor fields on H (we will not denote

these extensions with new notation). In the index notation, the first of Eqgs. (2.21) becomes
Gap = GegJ 0T, (2.37)
and Eq. (2.22) becomes
Qab = —Gac b = GepJ . (2.38)
Thus, Q44 1s obtained by “lowering the index” of J%,, except for the minus sign.
A point we have overlooked is the following. An observable F' determines a tensor F'%, of

type (1,1). The requirement that F be symmetric with respect to the Hermitian inner-product

corresponds to the relations

Gacﬁcb = Gcbﬁcm

) ; . (2.39)
Qachb = chFCa = _chFca~
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By lowering the first index of F,, we obtain the covariant tensor Fl,. The first equation above
merely states that this tensor is symmetric; the second states that the tensor Jcaﬁcb = Qacﬁcb 18
skew-symmetric. Note that these two conditions imply that the tensor Fey respects the complex
structure, ie., F.J = JF, as does any genuinely complex linear operator. Therefore, the set of
observables Oy, is simply the set of symmetric tensors Fab for which JCaFcb 1s skew-symmetric.

Written in this notation, Lemma 2.2 becomes
Y= Xp® = Q" DyF, (2.40)
and the Poisson bracket takes the form
{F, K}qu = (D, F)Q®(DyK), (2.41)

where D, is any derivative operator on H (for example, that compatible with G). Finally, the
Riemann bracket defined by Eq. (2.30) may be expressed as

h h
{F,K}; = §G(XF, Xk) = i(DaF)Gab(DbK). (2.42)
Note that the Riemann bracket may be written with no explicit dependence on the symplectic

structure.



GEOMETRIC FORMULATION OF QUANTUM MECHANICS

We now turn to the central theme of the thesis—a formulation of quantum mechanics which is
intrinsic to the actual state space. Any non-zero element of the Hilbert space determines a physical
state; however, the complex multiple of any vector corresponds to the same state. The space of
quantum states is then the projective Hilbert space, points of which correspond to rays in the Hilbert
space; it is a genuine manifold, which we shall denote by P.

The first section of this chapter 1s devoted to the study of this projective Hilbert space and the
geometric structures it possesses. Due care will be taken to insure that our discussion applies to the
case of physical relevance, in which the Hilbert space is infinite-dimensional. That the projective
Hilbert space is indeed a Kahler manifold is verified in §3.1. While the main goal is a description
which does not refer to the underlying Hilbert space, it will be convenient, for many reasons, to
have a precise way of relating structures on the projective space to corresponding structures on .
We will present two such descriptions of P, which will both be used to simplify the calculations that
follow.

The first is quite natural from the physical point of view. While the normalization of the state
vector is of no physical importance, one often calculates quantities which are not scale invariant (for
example, the expectation value function of the previous chapter), and then restricts attention to the
sphere of unit vectors. In this sense, one may view quantum mechanics as a constrained Hamiltonian
system. The projective Hilbert space is simply the reduced phase space of the constrained system.
This viewpoint will be especially useful in §5.2, in which we primarily discuss Weinberg’s generalized
quantum mechanics. Any reduced phase space—in particular the projective Hilbert space—is a
symplectic manifold. The reduced phase space viewpoint will allow us to immediately interpret
the symplectic structure on P; this is done in §3.1.2. We will find that the role played by the
symplectic form is precisely that of the classical formalism. In particular, the associated Poisson
bracket represents the Lie structure on the space of quantum observables.

The naturality of the second description of P stems from a purely mathematical point of view.
Since a point of P corresponds to a ray in the Hilbert space, it is natural to describe, say, a tensor
field on the projective space as a field on A which is, in a sense, constant along the rays. This idea,

is made precise in §3.1.3.
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The Kahler structure on P consists of a symplectic structure and a Riemannian metric. We will
have come to an understanding of the physical role played by the symplectic structure in §3.1. Section
3.2 is devoted entirely to consideration of the Riemannian structure on P. This section begins with
a discussion of the quantum observables. We will have already found that, as in classical mechanics,
we may represent the observables by real-valued functions on the (quantum) phase space. Also as in
classical mechanics, the observables generate flows which preserve the kinematic structures on the
phase space. However, unlike the classical description, the set of such functions is a ‘small’ subset
of the space of all smooth functions on P.

We will find that the the Riemannian metric, which is generally missing from the classical picture,
describes all features of quantum mechanics which do not have classical analogues. In particular,
the notion of uncertainty and the measurement aspects of quantum mechanics are described solely
by the metric. These ideas are presented in sections 3.2.2 and 3.2.3.

The results of this chapter are summarized in §3.3, in which we re-state the postulates of quantum
mechanics in the geometric language. The chapter is concluded with a simple example—the spin-1

system.

3.1 The Quantum Phase Space

In the finite-dimensional case, the projective Hilbert space is just P = CP"—the archetypical Kahler
manifold. The notion of the Kahler manifold arises as follows. First, a Hermitian manifold is a
complex manifold (M, 7%), equipped with a Riemannian metric gq which respects the complex
structure. This simply means that g(v,w) = g(yv,jw) Vv, w. Given any such manifold, one may
define a 2-form, called the Kéhler form, as wgp := —gac)% (the skew-symmetry of w is a result of
the fact that g respects 7). This Kéahler form will not, in general, be closed. A Kéahler manifold is a
Hermitian manifold whose K&hler form is closed. One can show that a Hermitian manifold (M, 3, g)
is Kahler if and only if the complex structure is covariantly constant with respect to the Levi-Civita
connection defined by g [30, Ch. 8]. As a result, the Kahler form on a K&ahler manifold is not only
closed, but covariantly constant.

Let us now see that P is, even in the infinite-dimensional regime, a Hilbert manifold—that is,
a smooth manifold, modeled on a Hilbert space. Denote by H* the Hilbert space with the origin

removed; H* := H —{0}. Define the obvious equivalence relation,
P~d o <I>:z<I>I, for some z € C—{0}, (3.1)

so that P = H*/~. Any element ® of H* determines a point p = [®] of the projective space, where

[®] is the equivalence class containing ®. Now, the set
Vig) ={T e# | (@, ) =0}

clearly depends only on the equivalence class defined by ®. V[j}g] is a closed subspace of H, and

possesses the obvious Hermitian inner-product, induced by that on #. Thus, to each point p =
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[®] € P is associated the orthogonal subspace V[$]; this is the natural Hilbert space to choose for
the local description of the tangent space of P at p = [®].

Given an arbitrary normalized element ® of H* | we define a mapping @g : [7[q>] — V[é] via

. N 1 o
Ug) =H—Viz),  #a: ¥ W\Il - . (3.2)

This map, up to re-scaling, is simply the projection onto the orthogonal subspace V[é;]. The re-
scaling has been chosen so that two elements of [¥] are mapped to the same point. In fact, it is easy

to verify the following;:
Fact. ¢g : ﬁ[q,] - V[‘J};] is a surjective map and $g(¥) = ng;(\I’I) if and only if [¥] = [\I’I]

Proof. Let n be an arbitrary element of V{g). Then n+ ® € U[q>], since (®, n+ ®) = 1. Surjectivity

folllows from the fact that @g(n+ ®) = 7. Next suppose @g(¥) = ng>(\III). Then ¥ = %lm’ SO
(W] =[¥]. O

Therefore, the map @ induces a bijection @) : Uie] = V[i], from the set Ug) = {[\I’] | ¥ e U[¢]}
onto Vig]. This bijection takes [¥] to @[5)(¥); in particular, ¢[e]([®]) = 0. The mappings (U[q>], qu))
will be the local charts of P. Note that ¢ does not depend merely on the equivalence class of ®.

To see that {(Uja], pa) | ||®]| =1} forms an atlas for P is now fairly straight-forward. We
only need to see that: i) U U = P, ii) @ is a bijection onto an open subset of V[‘J);],
i) o (U[q>] N U[q)/]) is open in V[f}g], and iv) g ogogl HREY (U[q>] N U[q)/]) — 0y (U[<1>] N U[q>/])
is a smooth map. The Ug) clearly cover P, and, by the above fact, ii) is obvious. The third re-
quirement follows from the fact that each ¢ maps open sets of ﬁ@] to open sets of V[f};]. Finally,
one may write the explicit form of the transition function,

n+® 3

P 0wy (n) = @ n+a)

Since (as a result of the above fact) the denominator on the right side is non-vanishing for all
N € v (U[q>] N U[q,/]), this function is evidently smooth on the domain on which it is defined.
The projective space is then a smooth (complex) Hilbert manifold. Tt may be useful for future
considerations to note that if # is separable, then by choosing a countable orthonormal basis {®;},
one obtains a countable atlas for P. We will not use this fact below.

The fact that the dimension of P is infinite poses no fatal technical problems. Some arguments are
made simpler in the finite-dimensional case, by going to a local chart and working with tensor com-
ponents, or by tracing tensors. These sorts of methods are not available in the infinite-dimensional
regime. However, essentially all of the abstract operations available in the finite-dimensional case
are available to us [31, 32]. In particular, the notions of tensor fields, the Lie derivative, and exterior
differentiation of differential forms are all valid. Further, just as in finite dimensions, a strong Rie-
mannian metric defines a torsion-free derivative operator, which may be used to parallel transport a

vector along a curve. A vector at a given point of P determines a unique geodesic, etc. For details,
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the reader should consult the references cited above. Note that all tensor fields considered below
will be smooth.

One can introduce a Hermitian structure on each tangent space 7, P as follows. Let v and w be
two tangent vectors at p = [®] € P. These vectors may be represented by curves p, (¢) and py, (t),
respectively, where p, (0) = p = py (0). Now, let W, () and ¥y, (¢) be arbitrary lifts of p, (¢) and py (¢)
to the unit sphere in the Hilbert space, such that ¥,(0) = ® = ¥,,(0). That ¥, is a ‘lift’ of p,, of
course, means that [¥, ()] = py(¢); the restriction || ¥, (¢)|| = 1 is merely for convenience. These

lifts define two tangent vectors, V and W, at ® € H. Now define the Hermitian inner-product,
<U, w)P = <Va W> - <Va <I)><(I): W> (33)

In order to explore the consistency of Eq. (3.3), suppose \Il; () and \I!;U (t) are two different lifts of
the curves p,(t) and py(t), repsectively. Then! \Il; (t) = 1%, (¢) and \Il;] (t) = 792w, (1),
where ¢1(0) = ¢2(0) := ¢. The corresponding tangent vectors at & :=e’?® € H are then

Vi =¢1(0)J® +¢7?V  and W =65(0)J® + W
Inserting these into Eq. (3.3) immediately gives
(VW) =V, 22, W) =V, W) —(V, 2@, W) = (v, w)y,

so Eq. (3.3) provides a well-defined inner-product on 7, P. We have essentially taken the ‘orthogonal
part’ of the Hermitian inner-product on H.

When expressed in terms of a local chart (Uje], ¢s), where p = [®], Eq. (3.3) assumes a somewhat
illuminating form. The local representative (¢4)«(v) of a vector v € T, P is simply the horizontal
lift of v, 1.e. that lift of v which is orthogonal to @, with respect to the Hermitian inner-product
on H. The local expression of Eq. (3.3) then reduces to the inner-product on V[f};]. In particular,
(,)p 1s strongly non-degenerate. Rather than pursuing local expressions any further, it will be more
convenient to describe the geometric structures on P implicitly, using the ideas presented in the

next two sub-sections.

3.1.1 The “constrained system” description

One of the most important concepts in modern theoretical physics is that of gauge. Loosely speaking,
gauge is the ambiguity in our mathematical description of the physics under consideration, and is
typically due to constraints on that part of the phase space accessible to the physical system. These
constraints usually arise from a degeneracy in the Legendre transformation, which identifies the
tangent bundle of the configuration space with its cotangent bundle. The use of the term “phase
space”, in this context, is a bit awkward; after all, there are points of the “phase space” which

do not correspond to physical states. The terminology is, however, customary; it is probably due

1One can simply make the replacement .J — i in the equations below. The notation is meant to encourage the

viewpoint which describes H as a real vector space, equipped with a complex structure.
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to the usual way of thinking of phase space as a cotangent bundle. Familiarity with the physics
of constrained systems is assumed in the following discussion. For a short introduction to this
important subject, refer to Dirac’s little book [33]. A more modern and comprehensive treatment
may be found in [34].

We have seen, in the previous chapter, that the Hilbert space is a “phase space” in that it is a
symplectic space. Further, the symplectic structure interacts with the expectation value functions
in the physically relevant manner. However, as in the case of a constrained classical system, there is
an ambiguity in the relationship of points of this “phase space” to physical states. The traditional
approach toward this ambiguity, in quantum mechanics, i1s to consider only state vectors which
are normalized to unity; let us adopt this attitude in the most serious possible way. We therefore
insist that the only physically relevant portion of the Hilbert space 1s that on which the constraint

function,
C0):=(¥,¥)—1 = %G(\Il, U) -1, (3.4)
vanishes. The constraint space is the unit sphere,
Si= (UeH| (VW) = %G(\I!, ¥) = 1}. (3.5)

We treat this condition, not as a convention, but as a restriction on the physically relevant part of
the “phase space”. As we will see, this way of thinking necessarily generalizes quantum mechanics,
but ever so slightly. The state vector is now defined up to an overall phase rotation; we have not
eliminated all of the ambiguity involved in the Hilbert space description.

Since we already know that the quantum dynamics is specified by a one-parameter family of
unitary mappings on #H, the constraint is preserved by the Schrodinger evolution. Therefore, the
constraint is consistent; no secondary constraints need to be introduced. In the general theory,
constraints which generate motions preserving the constraint space are called first-class [33]. Since
we have only one constraint, it is certainly first-class (£x.,C = {C, C}4, = 0). In this way, we may
view quantum mechanics as a constrained classical system with a single first-class constraint.

In order to explain the implications of the first-class nature of the constraint, let us take a short
digression. Suppose, for simplicity, that H is finite-dimensional. For the moment, we forget that we
are dealing with a quantum mechanical system and pretend that (#, ) describes a classical system.
Let us also imagine that the constraint of Eq. (3.4) has resulted from a Legendre transformation. In
such a scenario, the Legendre transform defines the Hamiltonian function only on its image, which is
the constraint space S. Strictly speaking, the Hamiltonian function is not defined off the constraint
surface. Therefore, one can not differentiate it to obtain the Hamiltonian flow; the Hamiltonian
evolution is ill-defined! This is the generic situation encountered with constrained Hamiltonian
systems, except for our good fortune of having only a single constraint.

In order to treat the evolution, one typically extends the Hamiltonian to a neighborhood of the
constraint space. Suppose H and H' are any two such extensions. Since we are only interested in

generating a flow on S (which we are still pretending is a ‘classical’ constraint surface), it is only
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necessary that these extensions are defined on a neighborhood of the constraint space. One typically
employs the following terminology: If the restrictions, to S, of two functions, F' and F', are equal 2

we write

i

F~F, (3.6)
and say that F' and F' are weakly equal. Note that if F' ~ F' then F and F' differ by a constraint;
F'mF = F =F+~C, (3.7)

for some function =, defined on a neighborhood of S. Finally, we may construct the Hamiltonian
vector fields associated to the extended Hamiltonian functions. The important fact, implied by the

seemingly innocuous Eq. (3.7), is that the flows generated by H and H' are related as
XH' :XH—}-’}/Xc, (38)

for some arbitrary function 5. Therefore, the sickness of the Hamiltonian dynamics is not fatal.
The dynamics is not completely ill-defined; the arbitrary part of the evolution is determined by
the constraint. In the generic situation, in which one has a number of constraints, each first-class
constraint will generate such gauge transformations. Here, we have just a single constraint and,
therefore, a single gauge freedom.

We now return from our digression, but retain the above language. Since the constraint function
is first-class, its Hamiltonian vector field is to be interpreted, as explained above, as the generator

of gauge transformations. This vector field is just given by
a ab 1 ab 1 a <
Xc" = QYDC = gQ ¥, = gj , (3.9)

where J¢ := —J% ¥’ Notice that J¢ is the generator of phase rotations on H. Therefore, the
gauge transformations generated by the constraint are exactly what they ought to be; they represent
the arbitrariness in our choice of phase! The projective space—the quantum phase space—may then
be interpreted as the “reduced phase space” of our “constrained classical system”.

Our goal of formulating quantum mechanics in a way intrinsic to the projective Hilbert space
may then be described as a desire for a reduced phase space formulation. The projection to the
reduced phase space (in the classical case, of course) is well-understood. Our situation, in which
there is only one first-class constraint, is especially simple. Denote by 7 : S — P, the projection
onto the “reduced phase space”. Here, a point of P is interpreted as an integral curve of 7.3 That
P inherits the structure of a symplectic manifold is seen as follows. Begin by pulling back the
symplectic structure to S, via the immersion 7 : § — H. We then obtain the two-form 7*Q on S,

which is just the restriction of Q to vectors tangent to the constraint space. Notice that, while *Q is

2 Again, one typically assumes that ' and F' are defined on the entire phase space; it is only necessary, however,

that they be defined on an arbitrary neighborhood of the constraint surface.
37 is a vector field on H. Since J is tangent to S, it trivially defines a vector field on S, which we shall simply

call 7. This minor abuse of notation should not be a source of confusion.
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closed (di*Q = i*d2 = 0), it is surely degenerate. The degeneracy of * is, however, under control;
it is degenerate only in the gauge direction, [J. Moreover, since J® generates phase rotations, which

preserve the Hermitian inner-product, it preserves $2:
£7("Q) =0. (3.10)

Since points of P are integral curves of J, m.J = 0. Since J not only preserves *Q, but is
also the direction of degeneracy of ¢*€2, there must exist a two-form w on P for which i*Q = 7*w.
Further, w is closed, since 7*(dw) = dn*(w) = di*(Q2) = 0. This is, of course, the symplectic
form defined by the imaginary part of (,),, as in Eq. (2.18). While the physical interpretation of
the Hermitian structure may not be obvious at this stage, its imaginary part may be understood

immediately. This will now be explained in detail.

3.1.2  Symplectic geometry

The fact that the projective Hilbert space may be interpreted as a reduced phase space has given
us a tidy way of introducing the natural symplectic structure on P. We now describe the physical
meaning of the Poisson bracket defined by w, as well as its relationship with dynamics.

Recall that to any quantum observable F € Ogu, we have associated the function
F(¥) := (¥, F¥) on the Hilbert space. We found that the Hamiltonian vector field generated
by F is precisely the Schrodinger vector field determined by F, and that the Poisson bracket cor-
responds exactly to the Lie bracket on Og4,. These observations suggest that if there is to exist a
formulation of quantum mechanics which is intrinsic to the projective Hilbert space, it will take the
form of Hamilton’s classical mechanics. We will now see that this this expectation is correct.

There 1s a very natural way of associating, to each quantum observable Fe Ogu, a real-valued
function on the projective space. First, restrict the expectation value function F' to the constraint

space, thereby obtaining the function :*F : S — R. Of course, this function is gauge-invariant,
Lg("F) =0, (3.11)

and, therefore, defines a function f : P — R for which 7* f = ¢*F. The statement being made here
is simply that, since ¢* F' is constant on the integral curves of 7, and P 1is the space of these integral
curves, " F' canonically defines a function f on P. The functions on P that are obtained in this
manner will represent the observables in the geometric formulation of quantum mechanics. Some

terminology will be useful:

Definition 3.1. Let f : P — R be a smooth function on P. If there exists a bounded, self-adjoint
operator F on H for which T f = <F> , [ 1s said to be an observable function.
5

Note that there is obviously a one-to-one correspondence between quantum observables and these
observable functions. As will be seen in §3.2.1, the set of observable functions on P is a very small

subset of the entire function space.
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The natural question® which now arises is: “What is the relationship between the Hamiltonian
vector fields, X; (on P) and Xr® (on H)?” We would like to simply push-forward the vector field
Xr® to P, and compare with X;*. In general, one can not do such a thing. Given a point ¥ € S,
one can push-forward (via the derivative of the map 7 : S — P) the vector Xp(¥), thereby obtaining
the vector m,(Xp(¥)) at w(¥). By doing this at each point of S, one only obtains a well-defined
vector field on P if “Xp is constant on 7=1(p)” for each p € P; i.e., if £7Xr = 0. Fortunately, by
use of Egs. (2.8) and (3.9),

£LyXp = hX{c ry,. = 0. (3.12)

The last equality of Eq. (3.12) follows from the fact that Xp is tangent to the constraint surface, so
that {C, F}4u = £x,C = 0. Thus, the push-forward of Xr®|5 to P is well-defined. Finally,

T (ir, xp (W) = ixp (FQ) = T(ix, Q) = & (dF)

. . . (3.13)
= d(@*F) = d(x*f) = 7*(df).
Since v =0 v =0, df = ir, x, (w); we have just obtained the

Lemma 3.1. Suppose I € Ogu and that F' : H — R is the corresponding expectation value function.
Let f : P — R be that function for which ©* f = F|s. Then the flow on P, which is induced by the
Schrodinger vector field of F, 1s precisely the Hamiltonian flow determined by f.

Denote the Poisson bracket of two functions f,k : P — R by
{f, kY = w(Xy, Xi) = (Vaf)w™(Vpk). (3.14)
As an immediate corollary of the above lemma, we have

Corollary 3.2. Suppose F, K : H — R are ezxpectation value functions of two quantum observables.

Let f,k : P — R be the functions for which 7*f = Fls and 7k = Kl|s. Then
ﬂ*{f’ k} = {F1 Ar}qu|5
Proof. m{f, k} = n*(w(X;, Xi)) = w(mXr, mXr) = QXr, Xk)|s. O

Thus, to each quantum observable F is associated a real-valued function f P — R on the
projective Hilbert space. The mapping F f is one-to-one and respects the Lie algebraic structure
provided by the commutator and Poisson bracket on P, respectively. The Schrodinger vector field
determined by F' determines a flow on P; this flow is generated by the Hamiltonian vector field
given by f : P — R. As an example, one may consider the finite-dimensional case, in which the
Schrodinger equation is then seen to determine a ‘classical’ Hamiltonian dynamics on the projective
space.

In order to obtain these results, we have used only the analysis of constrained Hamiltonian

systems; in this context, the above is very well-known. The only novelty here is the application of

4Tensor fields on P will be denoted with greek indices.
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these ideas to quantum mechanics. Similar results have been obtained, in a different context, by
Kibble [9], and in the finite-dimensional regime by Heslot [11], Gibbons [13] and Hughston [14].

At this point we can see the sense in which one necessarily generalizes quantum mechanics by
viewing a quantum system as a constrained Hamiltonian system. Above, we started with a special
set of functions on the “phase space” H—those which are expectation values of bounded self-adjoint
operators. If we had truly adopted the constrained system viewpoint, we would have noted that it
is only the value of F' on the constraint space that is relevant. For example, given an observable F,
define the function F' := (1 —4C)F, for some arbitrarily chosen function v on #. Since F and F'
are weakly equal, they generate the same flow on the projective space. Ordinary quantum mechanics

gauge fixes the observables by specifying a preferred extension to A of the ‘observable functions’.

3.1.3 The “Killing reduction” description

Up to this point we have considered only those aspects of the quantum mechanical formalism which
have classical analogues. We have constructed the natural symplectic structure on P and explored
its meaning, but have neglected the Riemannian inner-product G on #. We will now investigate
the meaning of the Riemannian structure.

Of course, the metric on H induces a Riemannian metric on the constraint space S. Let us pull
back the metric to S, just as we pulled back the symplectic form. We obtain the metric *G. We
are really interested in a formalism which is intrinsic to the projective space; therefore, we would
like to somehow project this metric to P, as we did with the symplectic structure. Unfortunately,
there is an immediate problem; while i*G is covariantly constant with respect to J (again, since J
is the generator of phase rotations, which preserve the Hermitian inner-product, and hence G), i*G
is non-degenerate. There exists no covariant tensor on P whose pull-back, via 7, is i*G. However,
there is a simple way around this problem; subtract off the 7 ®J part of i*G.

Define the tensor field

o 1 .
qab ‘= (Z G)ab - %«7@;7 ) (315)

where J, is obtained by “lowering the index” with the metric. Again, we view 7, as a tensor field
on S, but do not introduce notation to distinguish it from the corresponding tensor field on H. Since

JaT%s =2h and £57G = 0, we have:
£7¢=0 and J%qa = 0. (3.16)

Thus, there exists a symmetric tensor field gos on P for which 7*g = ¢. g is a strong Riemannian
metric, and is precisely (24 times) the real part of the Hermitian structure defined by Eq. (3.3).
Note that S =5 P is a principal U(1)-bundle. The decomposition of i*G into horizontal and
vertical parts, given by Eq. (3.15), defines a natural connection on S; a tangent vector v € Ty S
is horizontal if v*7, = 0. This is simply the Berry connection, in terms of which Berry’s phase is
naturally described [35, 36]. In Ch. 4 we will study this principal bundle from a somewhat different

point of view.
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We now view the projective space as the Killing reduction of S with respect to J. Recall that
a vector field, on a Riemannian manifold, which preserves metric is called a Rilling vector field. As
described in [37], the space of integral curves of a Killing field itself possesses the structure of a
Riemannian manifold (under certain assumptions, which are satisfied in our particular case). Our
metric g, as defined below Eq. (3.16), coincides with the reduced metric described by Geroch. As he
shows, there is a one-to-one correspondence between tensors 171" *mg .3 on P and those tensors
T my p, on S for which:

ijalmamblmbn =0 and (317)
T, T Omy =0 = JOT @my Vi (3.18)

The relationship between g,g and gqp is a particular example. Further, this correspondence respects
contraction of tensor indices and exterior differentiation of differential forms (since the lift of a form
is simply the pull-back via 7). This makes good intuitive sense; P is the set of integral curves
of a Killing vector field. A tangent space of P looks like a subspace of TyS which consists of
vectors orthogonal to J. A tensor field on P is represented by the unique tensor field on S which
is orthogonal to J and is constant along the integral curves of J.

We have a one-to-one correspondence between tensor fields on P and a certain class of tensor
fields on S. It would be convenient if, to each T*1 %= .5 on P, we could associate a tensor field
on H. We can almost do this; we only need to remove the origin from #. One may proceed as follows.
Let T*1%m g5 3. be an arbitrary tensor field on P and, as described above, let T "%m, 5 be
the corresponding ‘horizontal’ tensor field on S. We can extend 7% %=, . to all of H* = H—{0}
by Lie dragging it along W% where ¥? is the ‘radial’ vector field on H*, defined by the canonical
identification of the tangent spaces. Since J? and ¥? commute, this extended field will continue to
be preserved by 7,

Let us explain this more precisely. (>, G) is a Riemannian manifold equipped with the Killing
vector field J2¢. A second preferred vector field on H* is the radial vector field ¥*. The equivalence
relation (3.1) defines a map IT : #* — P. Notice that since J* and ¥ commute, they are surface
forming; a given surface defined by these two vector fields is mapped, by II, to a single point of P.
This is just a fancy description of the two (real) dimensional rays in the Hilbert space

Geroch’s description of the Killing reduced manifold extends to the case in which one has two
commuting Killing vector fields. The two (commuting) Killing vector field reduction of (#*, G, )
is the manifold whose points are integral surfaces of 7 and W¥. This is precisely our situation if we
introduce the conformal metric

, 2h

G, = —
ab 7“2

Gab, r2(¥) = U, (3.19)
That this is true is not difficult to see. Since J preserves both ¥® and (G4, it obviously preserves
the conformal metric G;b. Next, since £3G4 = 2G4 and ,fq,(r2) = 272, ¥? also preserves G;b.
Therefore, any tensor field 7> *mg .5 on P, canonically defines a tensor field T am,

1--byy OI
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H*, for which

.fq;Talmambl...bn =0
Yhipa - tmy = 0= W, Ty Y, (3.20)
jblTal‘”ambl‘“b — 0

Conversely, any tensor field T“l”'amblmbn on H*, which satisfies the requirements expressed in
Egs. (3.20) defines a tensor field on P. This notation will be used throughout; when it is convenient,
we will denote by T, the “horizontal lift” (to H*) of the tensor field T" (on P). Note that the
horizontal lift of a differential form is simply its pull-back via Il. Again, the mapping T — T
respects contraction of indices and exterior differentiation of differential forms.

Let us look at the obvious examples. To the observable F is associated the function F on H,
which projects to the function f : P — R. The lift f is, of course, the normalized expectation value
function,

. 2h (¥, FI)

fw) = R =g (3.21)

In particular, the restriction, to S, of f is simply the expectation,
mf=f| =Fls (3.22)

The metric ¢ may be lifted by “subtracting off” the 7®J and ¥®W¥ parts of G

- 2h 2h

Gab = r_2Gab s (Va¥p + Ta) - (3.23)
Note that the restriction of g4 to S agrees with the g, defined above. By analogy, we may define
the two-form

2h 2h

a’ab = _Qab - T_4(

= TV — U, 7). (3.24)

It is a simple matter to check that & satisfies the requirements in Eqgs. (3.20) and that the restriction
of @ to S agrees with ¢*{2; one need only notice that ¥*7, = TeQ, W = 0 and L3 = 2.
Therefore, @ must be the lift of the symplectic structure w on P.

A tensor on TgH ™ is said to be horizontal if it is orthogonal, in each index, to the vectors ¥?|;
and J|g. One may find it useful to note that this notion of horizontality equips H* with the
structure of a principal bundle. We will not directly use this fact.

An important caveat should be noted. Suppose v® is a vector field on P, and that v, = gaﬁvﬁ
is its dual. We may lift both to H*, obtaining the fields 9% and @,. Then

/ 2h
Ty = fap®® = Gyt° = r—zGabﬁb; (3.25)

the lift of the dual of v® is obtained by lowering the index with the metric Gl, not GG. The presence of

two metrics can provide a source of confusion, as well as subtle calculational errors. We will utilize
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the following conventions. The tangent and cotangent spaces of P will always be identified by use
of the metric g, i.e., vo = gapv?. We will identify the tangent and cotangent spaces of #* with the
metric G; given a vector field v*, by v, we will always mean Ggv°, with the following exception.
Tensor fields, on H*, which are intrinsic to P (i.e., lifts of tensor fields on P) will always be denoted
with a ‘tilde’. In order that this notation be consistent, the one-form identified with the vector field
a

7% is given by Fup0° = G;bf)b. To emphasize this seemingly minor point, note that

2h
Qapd® = 5" (3.26)

For future reference, we write the horizontal lifts of some important quantities:

1
fo' = Ga" = (VW' + 77", (3.27)
1
(-:)ab — Qa - 2 (ja\pb qlajb)a (328)
gab ZhGab Zh(\paqlb+jajb)7 (329)
G = imb — i( 7wt — g 7°) (3.30)
Y 2k " ' '

Equation (3.28) gives the lift of the complex structure ;%5 = wg®. Note that §,°(¥) is a horizontal

® is orthogonal to ¥®

projection operator in the sense that if v® is any vector at ¥ € H*, then §,%v
and J°.

There is also a natural way to lift the action of the derivative operator V,, associated to g.
Denote by D; the derivative operator associated to G = f—gG. Recall that g arose from the Killing
reduction of the conformal metric Gl; therefore, we expect the lift of V,, to be expressed in terms

of D;. This is, in fact, the case. The horizontal lift of Vg7T'*1"*m g5 .5 may be written as [37]

Vo™ @y = 3% Ger ™ G ™ Gon @ G, DT g g (3.31)

The covariant derivative of the tensor field T is obtained by applying DI7 and then projecting all
indices with the horizontal projection §,°.
Let us demonstrate the use of the derivative operator V, with a particularly useful example. Let

f : P — R be the projection of the expectation value function F' : H — R. First, notice that

U, Xp® =—JDyf =0 and  J,Xp® = U°DyF = 2F. (3.32)
One therefore finds,
: : 2hF ZﬁF
X" =0"Dyf = Q‘“’D — - —j Wb Dy ——
2h r2 9 ¢
- i (3.33)
:XFG__.)ja:XFa__ja.
r? h

The dual of )N(fa may be obtained by contracting with ggs;

. 2h f
de = 7“_2 (XFG - %ja) ) (334)
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where, of course Xp, = GabXFb.
We would like to calculate (the lift of) VaXy, by use of Eq. (3.31). In order to do so, recall
that given two (torsion-free) derivative operators, such as D and DI, there exists a tensor field C°g

(symmetric in its covariant indices) for which, e.g.,
D;Ub = Dgvp — C® e, D;vc = Dot + Cut®. (3.35)

The actions of D and D" on tensor fields of any type are related in a similar manner, in terms of the
same tensor field, C¢.. It is a straight-forward application of the material in Appendix D of [38] to
see that the tensor field which relates D and D' is given by

1

Coap = =5 (W Glap = Wal% — V3G ). (3.36)

Finally, using Eqs. (3.31) and (3.35), one easily finds that

VaXgp = r_2ga gbchXFd + %wab' (337)
Since Xp 1s Killing, D, X4 is skew-symmetric. Thus, the symmetric part of VaXfﬁ vanishes.
Thus, £x;905 = VQXfﬁ +VX;, =0, and we have the following:

Lemma 3.3. Let f : P — R be any observable function. Then the Hamiltonian vector field Xy 1s
also a Killing vector field.

Any observable function generates a flow on P defined by the Hamiltonian vector field. We have
found that this flow preserves both of the kinematic structures inherent to the quantum phase space.

Another very useful example of Geroch’s technique is a simple method by which to calculate
the curvature of the reduced metric g. Computing curvature can, in general, be a daunting task.
However, if one knows the curvature tensor of Gl, it is straight-forward to obtain the (lift of the)
curvature of the reduced metric. Using a method similar to that which lead to Eq. (3.37), Geroch
obtains an expression for the lift of the Riemann curvature tensor of any Killing reduced metric.

Denote by Ram‘s the Riemann tensor on P, which, with our conventions, is defined by the equation
(VaVs = V5Va) ky = Rap, ks, (3.38)

for any one-form k,. The generalization of Geroch’s expression to the case in which one divides by

two commuting Killing vector fields is
Rated = 312" 30" 91" G |Rimnpq + 20979,) 71D, W, ) (D, W) + 2(¥7 W, ) "D, 0, )(D,, ¥,)
+ 2T Tr) U D Tn) (Dy Ty) + 2(T" T0) "D Tp) (D T |

where the square brackets enclosing [ab] and [cd] denote skew-symmetrization, and R is the curvature

of G'. Thisis the completely general expression of the curvature R of the reduction of G’ with respect
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to the commuting Killing vector fields J and ¥. For our particular case, ¥"¥, = r?=J"J,, and
the curvature of G' is, as one can easily show,

2 2
Rmnpg = r_zGc[aGb]d + - [U[eGopc T — U, Gy " T, ] .

Inserting this expression into the above, one immediately obtains

1
s s s s
Rapy” = % (gv[agﬁ] T Wopwy T WylaWp] ) : (3.39)

A Kahler manifold whose curvature tensor assumes this special form is said to be of constant holo-
morphic sectional curvature [39]. Such manifolds are complex analogues of manifolds of constant
scalar curvature. Equation (3.39) will be used extensively in §5.1.

Before discussing the role of the metric in quantum mechanics, let us make one further mathe-
matical note. We have found that the projective space is an infinite-dimensional complex manifold.
We have also found that this manifold is equipped with two geometric structures—a Riemannian
metric and a symplectic form, both of which are strongly non-degenerate. It is a simple matter to
see that P is, indeed, a Kahler manifold. For example, one may apply the above technique to find
that the complex structure, ;5 = —w®g = wg?, is killed by the derivative operator V, (and, hence,
80 18 wgp). This could have been seen just prior to §3.1.1, by working in a local chart. Our circuitous
route has, however, produced an understanding of the meaning of the symplectic structure, as well

as some analytic tools to be used below.

3.2 Riemannian Geometry

We now explore the role played by the Riemannian metric g. Our first task is the characterization
of the observable functions. In §3.2.1, we will find that the converse of Lemma 3.3 also holds; a
function is observable if and only if its Hamiltonian vector field preserves the metric. Next, in
83.2.2, we explore the algebraic structure on the space of observables in greater detail. Naturally,
from Eq. (2.29), we expect the Jordan product on the space of quantum observables to be expressed
in terms of the metric. We will find, however, that it is the quantum covariance written in Eq. (2.36)
that corresponds to the Riemann bracket on P. In §3.2.3, we discuss the geometric description of
the probabilistic features of quantum mechanics. As we will see, these purely quantum aspects of
the formalism are described, in a surprisingly natural way, in terms of the Riemannian structure on

the projective Hilbert space.

3.2.1 Quantum observables

To each quantum observable has been associated a smooth function on the projective Hilbert space.
These functions, for obvious reasons, have been called observable functions. We have seen that the
the algebraic structures on Oy, induce fairly natural operations on the space of observable functions;
however, we don’t quite know, at this point, what characterizes this set of observable functions.

While Definition 3.1 is straight-forward enough, it would be nice to have a characterization of the



39

observable functions which is intrinsic to the quantum phase space. How does one tell whether a
given (smooth) function f : P — R is observable?

We have seen, in Eq. (3.37), that the Hamiltonian vector field of any observable function is
Killing. Let us recall an important property of Killing vector fields. Let X be any Killing vector
field on P. Then VX5 4+ VX, =0, s0 Kqp := V,Xg defines a two-form on P. It is not difficult
to show that VK3, = R%gof;X(; (see [38]). The implication of this fact is the following. Let pqg
and p; be two arbitrary points of P and suppose p(t) is any smooth curve for which pg = p(0) and
p1 = p(1). Then,

d
EXQ =V'V,Xoa=V"K,, and

3.40
d - _ vy - _ ) ( )
EAQ,@ =V VWAO(,@ = R,@oﬂy Xg,

where V“(t) is the tangent vector to the curve p(t). Therefore, given only X*|, and Kagl, , one
may integrate the above system of ordinary differential equations along any curve connecting pg
and p; to obtain X°“|p1 and Kyp |p1. Thus, Killing vector fields are extremely rigid in that such a
vector field is completely determined by its value and first derivative at a single point. In fact, any
finite-dimensional Riemannian manifold admits only a finite number of linearly independent Killing
vector fields. Note that arbitrary data (X, K,g) at pg is, in general, not integrable, in the sense
that the tensors at p; obtained by the above procedure will not be independent of the chosen curve.

Now suppose the Killing vector field above is that generated by the observable function f; below,
it will be understood that X = X;. Note that, in this case, w,"K 5 = —w,"VgX, = V,Vsf, so
K,p satisfies the additional property that w,” K,z is symmetric (it then defines a bounded, skew-
self-adjoint operator on the tangent space T,,P). We may then supplement Egs. (3.40) with the

defining equation
Vaof =wyaX". (3.41)

Using the same reasoning as above, we see that any observable function is completely determined
by its value and first two derivatives at a single point. In this sense, the set of observable functions
is an extremely “small” subset of the set of smooth functions on P. This should not be terribly
surprising since in the finite-dimensional case, the function space is infinite-dimensional, while the

dimension of the space of Hermitian operators is finite. The following definition will be useful:

Definition 3.2. For each point p € P, Let S, consist of all triples, (A, Xo, Kag), where X is a real
number, X, is a covector at p, and K,p is a two-form at p for which w," K 5 = wg?" K. We call

S, the algebra of symmetry data at p.

The reason for our use of the term algebra in the above definition will become clear shortly.

Let us obtain an understanding of the mathematical meaning of the symmetry data defined by an
observable function. Suppose Fisa quantum observable, and that f is the corresponding observable
function on P. Again, denote by X® the Hamiltonian vector field of f and put K,g = V,Xg. Of
course, the values of (f, X, K) at a point p € P define an element of S,. Now, recall from the
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conclusion of Ch. 2 that Q.,F¢ is a skew-symmetric tensor on #, and therefore trivially defines a
two-form on H. In fact, as is very easy to see,

1 “ e 1

chaF b = DaXFb = 5 (dXF)ab N (342)
%Qcaﬁcb is to Xr® as Kop is to X*. On the other hand, from Eq. (3.34), Xr, = %X’a + %(7(1.
Applying the exterior derivative to this equation and comparing with Eq. (3.42) gives, after ‘simpli-

fication’,

y - -
%Qmﬁcb = (1’ 2 )—}—%\If/\j—i—;ﬁlll/\)(—i—%( SN, (3.43)
where X, ¥ and J are viewed as one-forms on H*. Note that, while dXp is well-defined on all of
H, the individual terms in Eq. (3.43) are badly behaved at the origin.

In the finite-dimensional case, one may verify that the number of independent Hermitian oper-
ators on H is equal to the dimension of Sp; hence the algebra of observables is isomorphic to the
algebra of symmetry data at any point. The extension of this result to the infinite-dimensional case

is slightly more subtle and is provided by
Theorem 3.4. For any element (A, X, K) of Sy, there exists a smooth a function f : P — R such
that f(p) = A, Xy, p = X, and Vochﬁ‘p = Koup.

Proof. Let ® be an arbitrary point in II=1(p), and let f, X, and Kgp be the horizontal lifts of A
Xo and K,g, respectively, to the point ®. Define the tensor

2
=" (f’—% ~|¢) + gy (VA Dla+ g ¥le A K+ 7 (ixla) A Tl
at the point ®. By the canonical identification of tangent spaces of #, we may view L as a constant
tensor field on H or, equivalently, as a tensor on the wector space H. By definition, L 1s skew-
symmetric. Secondly, it is a trivial matter to show that Q,°L., = Q3°Lcq. Therefore, by the
comments following Eq. (2.39), Fe, .= Q%L defines a bounded, self-adjoint operator on #
(compare with Eq. (3.43)). This self-adjoint operator defines an observable function f : P — R.
The value of f and its first two derivatives determine an element of S,; we simply check that this is
precisely the original (A, X, K), which was chosen at the beginning.

One then only needs to show the following (c.f. Egs. (3. 21) (3 33) and (3.37)): 9) 2(ﬁ )F(<I>) = f,
it) Xp®lp — % T%e = X% and 117) r2( )ga ) Xrdle + % (.aab|<I> = Kap, where F is, of course,

the expectation value of F'. Each of these follows with trivial calculation. O

We have seen, in Lemma 3.3, that the Hamiltonian vector field of any observable function is
Killing. Conversely, if the Hamiltonian vector field of f : P — R is also a Killing field, then its first
two derivatives at any point p determine an element of S,. Therefore, by the above proof, f must

be the expectation value of some bounded, self-adjoint operator on H; this is summarized by
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Corollary 3.5. A smooth function f : P — R is an observable function if and only if its Hamilto-

nian vector field is Killing.

Establishing this corollary was the sole purpose of this sub-section. The algebra of quantum
observables g, is isomorphic to the set of smooth functions on P whose Hamiltonian vector fields
are infinitesimal symmetries of the available kinematic structure, which is in turn isomorphic to Sp,
for any p € P. Incidentally, it is a simple matter to derive expressions for the algebraic operations

on S, which are induced by the Lie bracket and Jordan product on Oy, ; see §5.1.

3.2.2  Uncertainty revisited

We begin by expressing the Jordan product in a way which is intrinsic to the projective space.
We found, in §2.3, that the Jordan product of F' and K corresponds to the Riemann bracket of
their expectation value functions. Of course, the Riemannian metric on P also defines the Riemann

bracket of two functions f, &k : P — R, which we shall denote as

h

(F.) = 2(Vaf)g™ (Vok) = 29(Xs, Xe). (3.4

Now, suppose that f,k : P — R are the projections of the expectation value functions
FK:H—R. Let

H={F K}, (3.45)

be the Riemann bracket of F' and K and denote by A the corresponding function on P. We seek the
functional relationship between f, k and h, which is induced by Eq. (3.45). This is easily obtained by
working with the lifts. From Eq. (3.21), we must have h= f—g{F, K}, which, by use of Egs. (3.19)
and (3.33), gives

h2

- h o f =~ f
h=—G(Xp, Xg)=— X
rzG( r, XK) 2G ( P+

Ej’ Xk + %.:7)
(3.46)

h  ~ —~

= §§(Xf,Xk) + fk

By projecting this expression to P, we obtain

Lemma 3.6. Let F, K : H — R be two expectation value functions and suppose f, k :— R are the

corresponding functions on the projective space. Then

{F, K}yls = 77[(f, k) + fk].

We will therefore utilize another notational abuse and write

{f kYy =, k) + [k, (3.47)

which we shall call the symmetric bracket of f and k.
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The Riemann bracket of f and k& does not correspond precisely to the Jordan product of the
corresponding observables; in fact (f, k) is, in general, not even an observable function. Tt does,
however, have an immediate physical interpretation. Recall that the restriction of f to S is simply
the expectation F|g. An immediate consequence of Eq. (2.31) is the expression for the uncertainty
of F at the state p € P:

(AN (p) = (AR (= (p)) = (f. )(p)- (3.48)

The second expression is, of course, well-defined, since AF is constant on 77 1(p). The uncertainty
of an observable is then naturally expressed in terms of the Riemann bracket.

As a special case, we can recover a result obtained by Anandan and Aharonov [12]. Suppose
that the Hamiltonian operator is bounded and consider the uncertainty in the energy. Let A be
the projection, to P, of the expectation value of the Hamiltonian operator. From Eq. (3.44),
(Ah)? = %g(Xh,Xh). Therefore, apart from the constant coefficient, the uncertainty in the en-
ergy 1s exactly the norm of the Hamiltonian vector field which generates the time-evolution. The
energy uncertainty is essentially the ‘speed with which the system moves through the quantum phase
space’.

Next, let f,k : P — R correspond to the expectation value functions F' and K, as in Lemma 3.6.
Comparing Eqs. (2.36) and (3.47), we have

(f, )(p) = {f. k}+(p) = F(P)k(p) = Covemi () (F, K), (3.49)

where the last expression is interpreted as in Eq. (3.48). Thus, it is the quantum covariance that
is naturally expressed in terms of the Riemann bracket defined by g. In particular, the uncertainty

relation written in Eq. (2.35) takes the form

@Ak 2 (5U08) + (k2 (3.50)

Once again, if the standard Heisenberg uncertainty relation,
5 2
@n*ar 2 (5008) (351)

is saturated at p € P, then p i1s a state of minimal ‘coherence’ in the sense that the quantum co-
variance of f and k vanishes at p. In fact, as a direct result of Shankar’s presentation [27, Ch. 9],

the Heisenberg uncertainty relation, expressed in Eq. (3.51), is saturated at p if and only if

(f,k)(p) = 0 and X;(p) o Xk (p).

3.2.3 The measurement process

The issues that arise in the description of the measurement process are not only peculiar to quantum
mechanics, but are at the very heart of quantum mechanics. It may be said that one of the primary
purposes of the quantum mechanical formalism is to model the measurement process. If our formal-

ism were unable to incorporate an intrinsic description of transition amplitudes, the program would
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be doomed. Fortunately, this is not the case. We now treat the geometric meaning of transition

probabilities and the associated “collapse of the wave function”.

Transition probabilities

Let ¥ be an arbitrary element of the Hilbert space with unit normalization, (¥, ¥) = 1. Of obvious
interest, in the context of measurement, is the function ﬁq,(q)) = (¥, <I>>|2, which we view as a
function on Sj; i.e., we consider only (®,®) = 1. Since Pq,(@) is independent of the phase of both ¥

and @, it determines a two-point function P,(z) on P, defined as

2

<7r_1(q)7 7T_1(CL‘)>| .

We would like to know how to calculate this function in a way intrinsic to the projective space.

P,(z) = f’w_lq(ﬂ'_lm) =

(3.52)

Fix ¢ € P arbitrarily, and let ¥ be an arbitrary element of m=!(g). Similarly, given z € P,
choose an element ® € 7~1(z). Without loss of generality, we may assume that (¥, ®) is real and
non-negative; otherwise, simply make the replacement & +— ﬁ%ﬁ@. This is only ill-defined if
(®,¥) = 0, in which case we have no need to rotate ® in the first place. Note that, given ¥, the
above procedure uniquely determines ®, unless (¥ ®) = 0. For convenience, let us define a third

element of S via

W=

Uy o= [1— (¥, B (B — (¥, B)T). (3.53)

By construction, (¥, ¥;) = 0, since ¥; is just obtained by the Gram-Schmidt process. Finally,

consider the curve

n(t) := Vcos(t) + ¥y sin(t)

= (Cos(t) _ M) g Sl 4 (3.54)
[1 - K, @) [1— (¥, )27

For future reference, it will be useful to note that this curve passes through ® at the parameter
value t = cos ™' ((, ®)).

Of course, n(t) defines a closed curve, p(t) = [¥(¢)] on the projective space. We will see that p(¢)
is a geodesic; in fact,

Theorem 3.7. Given arbitrary points q,xz € P, there erxists a (closed) geodesic, which passes

through q and x. Further, Py(z) = cos%%), where o(q, z) is the geodesic separation of q¢ and x.

Proof. We show that the curve p(t), introduced above, is a geodesic. We need to show that
v’Vgv® = 0, where v® is the tangent to p(t). Let us work in terms of the lift, n(t). Define
o(t) := n(t) = —¥sin(t) + ¥ycos(t). Since n(t) € S, v%(t) is G-orthogonal to the vector n(¢). Tt

i1s also easy to see that ja|n(t) e

(t) = 0. Thus, as suggested by the notation, #®(¢) is horizon-
tal; n(¢) is a horizontal lift of p(t), and ©?(t) is the corresponding horizontal lift of v*(¢). Now,

2 Dy (t) = 17%(t) = —n®(t). Thus, using Eqgs. (3.31) and (3.36),

PPV (t) = 00§70 [Dpv? + C%et€] (t) = §%4 [8° Dpv? + 9% (t)] = 0.
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Equivalently, v” Vgv® = 0. This proves the first statement.

Next, since [(n(t),n(t))| = 1, g(v(t),v(t)) = gab|n(t) 9%(t)#°(t) = 2h. Thus, the length along
p(t) is fot«/v“vadt = tv2h. From Eq. (3.52) we then obtain P,(p(t)) = |<\Il,7](t)>|2 = cos?(t) =
cos? (%)’ where o (g, p(t)) is the geodesic length along p(t). Choosing ¢ = cos™! ((¥, ®)), gives

the desired result. O

Incidentally, one can argue that if |(7T_1q, 7r_1:b>| # 0, then the geodesic p(t) above is unique,
up to reparametrization; i.e., the image of p(t) is the same for any geodesic connecting ¢ and z.
However, strictly speaking, the geodesic separation o(q, z) is ill-defined. For example, the direction
along the curve connecting ¢ and z, and the number of times one winds along this curve will affect
the value of o(g,z). However, since the distance traveled in winding once around is m/2h, the
quantity cos? (%) is well-defined. Nonetheless, for the sake of precision, by o(q,z), we will
mean the minimal geodesic distance separating ¢ and z, which may have been one’s interpretation
in the first place.

Suppose one is dealing with the measurement of an observable F with discrete, non-degenerate
spectrum. Each eigenspace of F is one (complex) dimensional, and therefore determines a single
point of P. Denote by p; these eigenstates of F. Now, if the system is in the state labeled by the
point ¢, when an ideal measurement of F' is performed, we know that the system will ‘collapse’ to
one of the states p;. Theorem 3.7 gives us the corresponding probabilities. It is interesting to notice
that the probability of collapse to an eigenstate p; is a monotonically decreasing function of the
(minimal) geodesic distance separating ¢ and p;. The system is more likely to collapse to a nearby

state than a distant one.

State reduction

We have a description of the probabilities associated with the measurement process. We now consider
the measurement issue in more detail. We are interested in describing the measurement of an
observable F' at an instant in which the system is in the state ¢ € P. For simplicity, let us assume
that the spectrum if F' is discrete; in this case, the only possible results of the measurement are
eigenvalues of F.

Since we wish to have a formalism which does not refer to the underlying Hilbert space, we need
a characterization of the eigenstates of F which is intrinsic to P. This is very simple. Let F : # — R
and f : P — R be the expectation value and corresponding observable function, respectively. A
vector ¥ € H is an eigenstate of F iff F¥ = A, for some (real) A. Equivalently, by inspection of
Eq. (2.24),

Xrle = Yaly = (W) Ty

¥ is an eigenstate of F if and only if the Hamiltonian vector field, X, is horizontal at ¥. By virtue
of Eq. (3.33), this will be the case if and only if X; vanishes at p; p is then a critical point of f.

Evidently, the corresponding eigenvalue is exactly the (critical) value of f at p. We state this as
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Definition 3.3. Let f: P — R be an observable function. Critical points of f are called eigenstates

of f. The corresponding critical values are called eigenvalues.

The description of the measurement of an observable with discrete, non-degenerate spectrum
now takes the following form. Immediately after measurement of f, the system, by some miracu-
lous process, will have been be forced in an eigenstate p;. “Realizing that it has collapsed” to the
eigenstate p;, the system returns what it knows to be the value of the observable under consider-
ation, i.e., f(p;). The corresponding probabilities are determined by the geodesic distances which
separate ¢ and p;, as written in Theorem 3.7. Just as in classical mechanics, it is the value of the
observable function f that is obtained upon measurement. However, unlike classical mechanics, the
measurement process disturbs the system, forcing it into an eigenstate before the measured value is
produced.

Let us now relax the assumption of non-degeneracy of the spectrum of F'; we still assume it to be
discrete. Let A be a degenerate eigenvalue of F and &, be the associated eigenspace in H. Associated
to the this eigenspace is a submanifold, £y, of P, which we shall call the eigenmanifold associated
to A. Suppose the quantum system is prepared in the state ¢, and let ¥ € 7=1(q); i.e., (¥, ¥) = 1.

The postulates of standard quantum mechanics state that the probability that measurement of f

2
will yield the value A is given by (Py(¥),P5(¥)) = (¥, Py(¥)) = <\Il, %H . We know, from
the above considerations, that this probability may be expressed in terms of the geodesic separation
of ¢ = [¥] and the particular point [PA(¥)/||PA(¥)||] € Ex. Let us denote by Px(q), this special

element of the eigenmanifold.

What is it that picks out this point from all the other elements of £,7 In order to answer this
question, we only need to notice that for any point ® € £, N S,

(T, @)* = (T, Pa(@))]” = [(Pa(T), ®)”

(3.55)
< I PA(E) |

Therefore, of all elements & & ENA, with unit normalization, that which maximizes the quantity
(¥, <I>>|2 is simply P () /|| PA(T) ||, i.e., the one to which the state ¥ will collapse in the event that
measurement of f yields the value A. The implication of this observation is the following. For each
point e € £y, we may calculate the geodesic separation (g, e). The point of the eigenmanifold for
which (g, ) is minimal is, of course, that for which cos? (ﬂ\/qz’:;l) is maximized. P5(q) is that point
of £, which is nearest ¢. Let us call o(q,Pa(q)) the geodesic separation of ¢ and &y, or simply the
distance between ¢ and £y. This distance will also be denoted o(q, &x).

Regarding the measurement of an observable with discrete spectrum, we may now say the follow-
ing. Suppose that immediately prior to measurement of f, the system is in the state ¢ € P. Denote
by A; the critical values of f and, by &,,, the corresponding eigenmanifolds. Interaction with the
measuring device causes the system to be projected to one of the eigenmanifolds. Suppose the lucky
eigenmanifold is £y, ; then the system is found in the state Py (¢)—that point of £,, which is nearest
q. The probability of £y, being the ‘chosen one’ is simply given by the geodesic separation of ¢ and

Exo; by replacing z with £, in Theorem 3.7. The value obtained, as a result of this measurement,
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is then the value of f at the projected state.

Finally, let us study the generic situation. Let F be any observable of the theory, the spectrum
of which is allowed to be continuous. As a first step, we need a definition of the spectrum of an
observable F' in terms of the corresponding function f : P — R. Recall the standard definition:
the (real) number A is an element of the spectrum of F if F — AL is not invertible. This definition
stems from the intuitive statement that such a A is “nearly an eigenvalue”. An alternative definition,
which makes contact with this intuitive idea is the following: A 1s an element of the spectrum of F
if given any ¢ € R, 3% € S such that || F¥ — AW || < £2. This condition states that there exists
a (normalized) state which is as close as one wishes to being an eigenstate of F. Recalling the
expressions (3.47) and (3.48), for the Jordan product and uncertainty, respectively, the (square of

the) above quantity may be written as
| FW — AW |2 = (U, (F — \)2¥)

=|@n’+ -

(%)

Therefore, one may define the spectrum of the observable function f as follows. A real number A
is an element of the spectrum of the observable function f if for any ¢ 3p € P such that (Af[,)? +
(fl, — A)? < €%. The state p is one at which f takes on a value close to A and for which the
uncertainty of f is small. Tt is the existence of a sequence of wave packets (approximate eigenstates)
at which the uncertainty of f tends to zero while the value of f tends to A which guarantees that A
be an element of the spectrum of f. For the position operator, for example, one should have in mind

a sequence of functions which tend to the ‘Dirac delta function’. Let us state the result formally as

Definition 3.4. The spectrum sp(f) of an observable f consists of all real numbers A for which the
-1
function ny : P - RU{c0}, ny:p— [(Af)z(p) + (f(p) — /\)2} is unbounded.

Of course, a point at which ny actually ‘blows up’ corresponds to an eigenstate of f.
The next step is a description of the spectral projection operators. Let A be a closed subset of
the spectrum sp(f) of f. Associated to A is the projection operator Pj ,, as guaranteed by the

spectral theorem.® In analogy with what was done for the discrete case, we define
Epn = {Ppa(P)| ¥ €M}

The set c‘jﬁ’Afthe image of ]PpyAfis the analog of the eigenspace of the previous discussion. In fact,
it ¢s the eigenspace of pF,A corresponding to the eigenvalue 1. Now let £; o denote the projection
of :‘:’F’A to P. We would like to characterize £ o in a way which is intrinsic to P.

First, let us assume that A contains only non-negative elements. This assumption, which may

easily be removed, only serves to eliminate a minor technicality that will become apparent shortly.

5The projection operators introduced in spectral theory actually correspond to what we would write as P Iy
where I, = sp(f) N (—o0,A]. Our discussion is intended to add a slight simplification to the subject; at the end of the

day, one typically constructs our projection operators from the spectral projections anyway.
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It seems clear that ¥ € S is an element of “:‘F’,A if and only if for every n € Z*, (F")q, € A",
where A™ denotes the image of A under the map A — A", (If A intersects the negative half-axis,
this statement must be modified, but only slightly.) One should be able to see this by working
in the representation of H which is defined by F; we shall not, however, give a formal proof. To
make contact with the case in which the spectrum of f is discrete, suppose A consists of the single
eigenvalue A. Then ‘(/:F,A must be the corresponding eigenspace; ¥ EEF,A & FU = \U. As a trivial
consequence (F">q, = A" VYncZt. Similarly, one can verify that our statement is valid for the case
in which A consists of a set of positive eigenvalues.

It is now a simple matter to define the projected ‘eigenspace’ £ o. Recall the meaning of the
symmetric bracket defined by Eq. (3.47). If F and K are two bounded, self-adjoint operators on H
and f and k are the corresponding observable functions on P (i.e., the expectation value functions),
then {f, k}, is the observable function which corresponds to (half) the anti-commutator of F and
K. Choosing F = K, we see that {f, f}+ is simply the (projection to P of the) expectation

value of F2. More generally, the expectation value of Fn projects to the n-fold symmetric product

{F,A5{f,-- - }+}1+}+. Therefore, a state
g€P is anelement of &4 < {f,{f. {f, ”Fﬁr?’s}+}+}+|q €A VneZt

Having chosen a closed subset A of the spectrum of f and defined the corresponding ‘eigenman-
ifold” & o, the definition of the corresponding projection operator is straight-forward. Let ¥ be an
arbitrary element of #*, put ¢ = II(¥) and let P; A(g) := HO]PF’A(\I’). One can now simply repeat
the argument surrounding Eq. (3.55) to see that Py a(g) is that element of £ o which is nearest
q. The measurement process may then be described as follows. Suppose the system is in the state
q € P when an experimenter decides to measure the observable f. Following the rules of quantum
mechanics, she “asks the system” whether the value of f lies in A—some closed subset of sp(f)
which, theoretically, she 1s free to choose. The experimental apparatus drives the system to one of
two states—either P; a(g) or Py ac(q), where A® is (the closure of) the complement, in sp(f), of A.
The system will be reduced the the former with probability

o <0'(q, ]P)f,A(Q))> : (3.57)
V2h

in this event, the experiment yields the positive result (f € A). The probability of collapse to the

latter state is obtained by replacing A by A®in Eq. (3.57), and in this case a negative result will be

obtained. Of course, these probabilities sum to one (that this is not obvious from the construction

is a disappointing feature of the formalism).

The above discussion of the spectral projections may seem a bit complicated and not quite
‘natural’. It should be emphasised, however, that the definition of the spectral projection operators
on the Hilbert space is not a trivial matter either. Spectral analysis is generally very far from simple.

Notice that our presentation reverses the typical description of the measurement process. Text-
books usually tell us how to calculate the transition probabilities, and then describe the reduced

state corresponding to a given measured value. We have reversed the logical order in this discussion
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to emphasize the following intriguing possibility for the description of the measurement process.
The quantum system, when not subject to external influence, evolves along a Hamiltonian vector
field, as in classical mechanics (a finite-dimensional picture is employed here). The interaction with
a measurement device forces the system to evolve, not along a Hamiltonian trajectory, but along a
geodesic. This geodesic evolution terminates after it has served its strange purpose of forcing the
‘reduction’. The Hamiltonian evolution then continues. A model of the measurement process along
these lines would be especially interesting in that the so-called reduction process would be a sort of
dynamics which is described by the metric, which is, in general lacking in the classical mechanics.
Such a model would further illuminate the purely quantum aspects of quantum mechanics, and
possibly lead to implementations of Penrose’s idea for gravitationally induced state-vector reduction
(see the Introduction). Unfortunately, given an initial state and an observable, quantum mechanics
only picks out a preferred class of geodesic curves, and associates corresponding probabilities to
each of them. Another approach to the measurement problem, which also relies on the projective

language we have been developing, is presented in a fascinating paper by Hughston [40].

3.3 Summary

We have successfully formulated quantum mechanics in a language which is intrinsic to the true
space of quantum states—the projective Hilbert space P. This state space is a Kahler manifold. As
in classical mechanics, observables are real-valued functions which preserve the kinematic structure
(though, in classical mechanics, any function satisfies this requirement). Being a Kahler manifold,
P is, in particular, a symplectic manifold; the quantum symplectic structure serves precisely the
purpose it ought to, from the classical point of view. The Poisson bracket not only preserves the
set of observables, but exactly represents the familiar Lie bracket, determined by the commutator
of linear operators. Further, if the Hamiltonian is bounded (as in the finite-dimensional case, for
example), the Schrodinger evolution is described in the classical language of Hamiltonian mechanics
(otherwise, as in classical mechanics, the evolution is not generated by an observable).

There are two features of quantum mechanics which are not present in the classical description.
First, the phase space is of a very particular nature; it is a Kahler manifold of constant holomorphic
sectional curvature (recall Eq. (3.39) and the remark which follows it). The second fundamental
distinction between the classical and quantum formalisms is the presence, in quantum mechanics,
of a Riemannian metric. While the symplectic structure serves exactly the same role as that of
classical mechanics, the metric describes those features of quantum mechanics which do not have
classical analogues. In particular, the uncertainty of an observable is essentially the length of its
Hamiltonian vector field. The probabilistic features of quantum mechanics, as well as the so-called
reduction process, have been seen to be very nicely described by the metric. It is this separation of ‘U-
related’ structure verses ‘R-related’ structure which might be viewed as the most attractive feature
of the description. This characterization of the two dynamical processes suggests, in particular,
novel approaches to the measurement problem and to the study of the classical limit. The latter

will be briefly considered in Ch. 5.
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In a sense, one may now forget about the Hilbert space; the concepts involved in quantum

mechanics may be described in a geometric language which refers to the projective space. Just

as the inertial reference frames of special relativity are unnecessary fiducial structures, the Hilbert

space may be viewed as an afterthought, with no essential purpose for the description of the physics.

The linearity of quantum mechanics may be viewed as an artifact of a helpful structure, which is

not really intrinsic to the theory. This is most easily summarized by restating the postulates in the

geometric language.

3.3.1 A second look at the postulates

(#)

()

Physical states: Physical states of the quantum system are in one-to-one correspondence with

points of a Kahler manifold P, which is necessarily a projective Hilbert space.

Kadhler evolution: The evolution of the system, when not subject to external influence, is
determined by a flow on P, which preserves the Kahler structure. In the finite-dimensional case,

this flow is determined by integrating the Hamiltonian vector field of a preferred observable.

Observables:  Every measurable physical quantity is represented by a real-valued, smooth

function on P. Only those functions which preserve the Kahler structure are observable.

Probabilistic interpretation: Let A C R be a closed subset of the spectrum of an observable
f, and suppose the system is in the state corresponding to the point p € P. The probability

that measurement of f will yield an element of A is given by

Pp(A) = cos” <7"(p’ ﬁ;’_}:(p))) , (3.58)

where P A(p) is defined as above Eq.(3.57).

Reduction, discrete spectrum: Suppose the spectrum of an observable f is discrete. This
spectrum provides the set of possible outcomes of the ideal measurement of f. If measurement
of f yields the eigenvalue A, the state of the system immediately after the measurement is

given by the associated projection, P¢ z(p), of the initial state p.

Reduction, continuous spectrum: A closed subset A of the spectrum of f determines an
ideal measurement that may be performed on the system. This measurement corresponds to
inquiring whether the value of f lies in A. Immediately after this measurement, the state of the
system is given by P; a(p) or Pr a<(p), depending on whether the result of the measurement

is positive or negative, respectively.

As in Ch. 2, A¢ is the complement, in the spectrum of f, of the set A. Although the first ‘reduction

postulate’ is a special case of the second, both have been included for comparison with the statements

made in Ch. 2.
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3.3.2  FExample: The spin-% system

Let us briefly consider the simplest of all possible examples—the spin—% system. The Hilbert space
is simply €2. The constraint space, S, is a 3-sphere of radius v/2A, and P = CP! is a 2-sphere.
Recall that the geodesics on P come back to themselves after traveling a distance 7v/2A. With our
conventions, P is then a sphere of radius \/A/2.

Let us embed P in R3. The metric g is the restriction to P of a flat metric, h on R3;

P ={z € R®| h(z,z) = h/2}. (3.59)

Up to re-scaling, there is only one symplectic structure on a 2-sphere; w,g must be a multiple of
€apyx”, where € is the alternating tensor defined by the metric, and z” is the radial vector field,
defined as we have done with ¥?; i.e., a point 2 € R3 is a vector, which may be identified with a
tangent vector in 7,R3. By requiring that ¢ and w be compatible, one finds that the proportionality

constant in unity;
wap(2) = Capya”. (3.60)

The observables are most easily described as follows. Let v be any point in R3, and consider
the function fy(z) := vea®, where the contraction is defined by h. Note that X;* = w*dyf, =
Eo‘ﬁvvﬁaﬂ = (v x x)®, where this last expression denotes the vector cross-product. The motion
generated by fy is, therefore, a rigid rotation of the sphere, whose fixed points are v and its antipode.
These rigid rotations preserve g and w; the f, are observables. There are only three independent
rotations of the 2-sphere so we are missing one observable (the number of linearly independent
Hermitian matrices, and hence the dimension of the algebra of observable functions, is 4). The
missing observables are simply the constant functions on P. The generic quantum observable is
then of the form

flz) = fol@) +v0 = v x + v (3.61)

i.e., a combination of the first two spherical harmonics. One can make closer contact with the stan-

dard picture by choosing an orthonormal basis {e;} for R3. The function fy is then the projection,

i
2

Now let our spin—% particle be influenced by a magnetic field B. The Hamiltonian, in the operator

to P, of the expectation value of vZSZ = vi&i, where ; are the Pauli matrices.

language, is H= ~B - S; the corresponding observable function is, therefore, given by

h(z) = yBaz® = vfB(2). (3.62)

Here, 7 is the constant v = — >, where e and m are the electric charge and mass of our particle.

The Hamiltonian evolution is, as above, a rigid rotation of P, about the axis defined by the magnetic
field B®. The evolution is periodic with frequency vB, where B is the length, with respect to h, of
B,

Of course, the eigenstates of the observable f, + vg are simply those points on the axis defined

by v; i.e. the points £2v/|v|. The corresponding eigenvalues are vg = |[v|. The geodesic distance
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between two points 1 and x5 of P is %912, where 615 is the angle between z; and 5. It is then very

easy to see that if the system is in the state x, the probability that measurement of f, will yield the

cigenvalue +|v|is 1 + 1 cos(d), where @ is the angle separating = and the associated eigenstate.
Finally, let us consider the algebraic structure on the space of observables. The Poisson bracket

is given by

{fv +vo, fw +wod(@) = {fv, fw}(@) = (Bafu)w* (9 fw) ()

= 10e™ 2w = (v X W) X = fesw().

(3.63)

This is essentially the familiar expression for the commutator between the Pauli matrices. The

quantum covariance is

(fv + Vo, fw + wO)(éL‘) (fv, fw)(l‘) = g(aafv)gaﬁ(a@fw) (.Z‘)
= % [haﬁ — %xamﬁ] Valg = §v~w — (v -x)(w-x).

(3.64)

Again, this is not an observable. Note that if v and w are orthogonal, then they are not correlated

at the states +24(v x w)/|v x w|. Expressing the Jordan product in terms of the above,

{fv +vo, fow +wols(2) = (Fo, fw) (2) + (fv + vo) (fw + wo) (2)

= vofw(®) + wofy () 4 vowo + gv W (3.65)

h
= fu0w+w0v + <U0w0 + §V . W) .
In summary, observables may be represented by elements of R*. Denote by (v, vg) and (w,wq)

two generic observables. The algebraic operations of taking the Poisson bracket and Jordan product

are represented by the operations:

{(v,v0), (W,wo)} +— (vxw,0) and (3.66)

{(v,v0), (W, wo)}+ — (voWw + wov, vowg + v - W). (3.67)



(QUANTIZATION )2

The quantum phase space is just that—a phase space. This phase space, if stumbled upon “at
random”, would likely be mistaken for that of some classical theory. A physicist, having spent
many years studying quantum mechanics, would likely ask “What is the corresponding quantum
theory?” This physicist, noticing that the symplectic manifold under consideration admits a Kahler
metric, might construct the associated Kahler polarization and employ the method of geometric
quantization.! In particular, she would search for a I/ (1)-bundle over P with a connection compatible
with the symplectic structure w. She would view all smooth functions on P as classical observables;
the functions which have direct quantum analogues (the ‘good functions’) would be those which
preserve the Kahler polarization.

The description of quantum mechanics presented in the previous chapter defines a ‘fake’ classical
theory, which is obtained by essentially forgetting about the metric and allowing, as observables, all
functions on the phase space. Let us now consider what will result from quantization of this fake
classical theory. We have not simply stumbled upon the phase space; we know something about
its origin. In §3.1.3, we mentioned that the unit sphere S, in H, is a principal U(1)-bundle over P
which is naturally equipped with a connection. The horizontal subspace of TS consists of those
tangent vectors which are (i*Q)-orthogonal to the generator, J, of phase rotations. That this notion
of horizontality is consistent with the definition of a connection is trivial to verify. The connection
form which corresponds to this connection is given by A, = %ja. Notice that, since Dy Jp = — Qs

the curvature of A is given by

I
dA__E(Z Q)_—hﬂ'w.

Therefore, not only is the pre-quantization condition satisfied, but we have already been supplied
with the pre-quantum bundle! Moreover, since any observable function generates a Killing vector
field, the Lie derivative with respect to which then annihilates the complex structure, all observable
functions will be deemed ‘good’ by the above physicist. The observable functions therefore have
immediate (quantum)? analogues. Our fake classical theory not only can be quantized, it is begging

to be quantized.

LA brief outline of the geometric approach to quantization is outlined in Appendix B.

52
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Application of ‘the’ geometric quantization procedure to our pretend classical theory will produce
yet another quantum theory (which one might quantize again (which one might... )). Considering
the amount of structure which is present, one might expect the (quantum)? theory to be something
of physical relevance. The first natural guess is that the quantization procedure may be stable;
1.e., that we will simply obtain the quantum theory from which we started. The other reasonable
possibility is an alternative description of second quantization. Remarkably, we will find that, in a
very well-defined sense, both of these guesses are correct!

In §4.1, we quantize (P,w) by applying the geometric quantization procedure with the obvious
Kahler polarization; let us call this “re-quantization” to avoid confusion. We will see that the space
of pre-(re-)quantum states which satisfy the polarization condition is naturally isomorphic to the
original Hilbert space H. Further, the re-quantum operator associated to a good function f is
precisely that operator which corresponds to f in the sense of Theorem 3.4.

The sense in which re-quantization naturally describes what is called second quantization is
discussed in §4.2. We observe that there are actually numerous quantizations of our pretend classical
theory. The Fock space is seen to be the sum of all possible quantizations.

The material presented in this chapter is fairly technical, and relies heavily on the 1deas surveyed
in Appendix A. Both appendices should be viewed as prologues to this chapter; familiarity with the

concepts presented there is assumed.

4.1 Stability of the Quantization Procedure

Since the required input for ‘re-quantization’ is naturally provided by the available geometric struc-
tures, one may expect quantization of (P,w) to be a fairly simple task. This is, in fact, the case.
In §4.1.1, we construct the line bundle associated to the pre-quantum bundle S = P. We also
introduce a convenient ‘representation’ of the sections of this line bundle (i.e., pre-(re-)quantum
states) in terms of functions on S. This allows us to make contact with the original Hilbert space.
In §4.1.2, we obtain the general solution of the polarization condition. We find a one-to-one corre-
spondence between these solutions and elements of A, which maps the re-quantized observables to
the operators from which they were originally defined. In this way, we will see that the quantization

procedure simply reproduces the original quantum theory.

4.1.1  Pre-(re-)quantization

As mentioned above, we have already constructed the pre-quantum bundle S = P which is required
for the geometric quantization procedure. To this principal bundle is associated a complex line
bundle £ 25 P. Recall that this line bundle may be viewed as the quotient of S x C with respect

to the equivalence relation
(W, c) ~ (Tut ue) YueU(l). (4.1)

An element of E is an equivalence class [¥, ¢] = [¥u~!, uc] of S x C.
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Since the pre-quantum bundle is non-trivial, a section does not determine a globally defined

complex-valued function on P. However, to any section & : P — FE is a canonically associated a
function &* on the bundle manifold S, defined by

Lom(W) =: [, *(W)]. (4.2)

For lack of a better term, let us call & the principal function associated to the section &. By
definition, [¥,&*(W)] = [Wu, u=1&X(V)] = [Wu, *(Vu)]; therefore, the principal function &* must
satisfy the identity

E(Tu) = w15 (). (4.3)

Conversely, any smooth function £* : S — C which satisfies Eq. (4.3) defines the section determined
by Eq. (4.2). There is then a one-to-one correspondence between sections of F (pre-quantum states)
and complex-valued functions on S which are homogeneous of degree —1. Since we are attempting
to make contact with the original Hilbert space, it will be useful to work in terms of the principal
functions, rather than the sections.

Next, let f be any smooth, real-valued function on P, i.e., one of the fake classical observables.
To any such function is associated the pre-quantum operator Of, which acts on the space Hp,e of
sections of E.?2 Recall that this operator is defined by

O¢ = —ilDx, & + f¢, (4.4)

where D denotes the covariant derivative defined by the connection. Naturally, we would like to
know how to model the action of Of in terms of the principal functions; i.e., we would like an explicit
expression for (Off)*

We make two preliminary observations. First, using the connection A, we may construct the
horizontal lift, Xf, of the Hamiltonian vector field X;. Note that, in the event that f is an observable
function, )Zf agrees with (the restriction to S of) what we have previously denoted by the same
symbol. The covariant derivative of a section & of F is, as defined in the appendix, naturally

expressed in terms of the associated principal function; in particular,
DXfE: [W,fj(fg*] = ('Dng)*: ,f;(fE*. (4.5)

Next, since f is trivially Lie algebra (of U(1)) valued, we may construct the corresponding funda-

mental vector field on S,

d .
f E—) —lthﬂ'(\Il) ) 4.
Fly = g% (4.6)
Notice that for any section &,
d A dr .
fﬁ (5*) — _5* \Ije—lthTT(\Il) - e(ltfow(\ll))g*(\ll)
|\Il dt ( ) t=0 dt |: i| t=0 (47)

= ifom(W)E* ().

2By ‘Hpre we mean the space of all sections of the line bundle. We will not concern ourselves with the introduction

of a Hermitian inner-product since, at the end of the day, we will have a natural choice.
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Therefore, (f€)* = —iL "

Combining this last equation with Eq. (4.5), we obtain the desired expression for the action of

Ofi

(Ofg)* — ik

L3, 6+ %g*] = —ihLy € (4.8)

where, for convenience, and to emphasize its role in quantization, we have defined Xf = )~(f + %fﬂ
It seems rather interesting that f preserves the Kahler polarization if it is an observable function,
and that, in this case, the vector field Xf is precisely (the restriction to S of) the Schrédinger vector
field associated to the corresponding operator Fon#H.

Quite a bit of notation has just been introduced. The space Hpy. of pre-(re-)quantum states
are sections of E; we may represent this space by a set of functions on the principal bundle S. To
each and every ‘classical observable’ is associated a vector field on S. This vector field determines
an operator on H,,. which may be represented by Lie differentiation of the principal functions. It
should be emphasized that this not specific to our particular example. One may use this language

to describe geometric quantization of the arbitrary classical theory [41].

4.1.2  Re-quantizalion

We have carried out the essential features of pre-quantization of the fake classical theory. The next
step in the quantization procedure is to examine the polarization condition on the pre-quantum
wave functions. The physical sections are those which are preserved by the Kahler polarization. Let
us now understand what this means for re-quantization.

Recall that a vector V' € T;CP is an element of the polarization subspace P, if it is an eigenvector
of the complex structure with eigenvalue +i; gaﬁvﬁ = 1V, The generic vector field, which is
everywhere an element of the polarization, is of the form V® = v (98* —iwg®). The polarization

condition on the physical sections may then be expressed as
(98" —iwg™) Dot = 0. (4.9)

To make closer contact with the original Hilbert space, we can extend any principal function &*

to all of H. We require that the extension, denoted by &7, satisfy the requirement

ext)
Eoe(c¥) = €82, (Y), (4.10)

which is clearly consistent with Eq. (4.3) and defines a unique extension of &* to all of . Such
extensions will be smooth on H* | but will not, in general, be differentiable at the origin. Conversely,
any such function defines, by restriction to S, a section of £, and, hence, a pre-quantum state. The
polarization condition, as stated in Eq. (4.9), is equivalent to the ‘lifted’ equation for the extended

functions:

(96" —i@") Daklpe =0, (4.11)
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where we have implicitly used the fact that the covariant derivative of a section lifts to the Lie

derivative of the principal function, as in Eq. (4.5). Of course, Eq. (4.11) is valid only on H*.

Now, the derivatives of £¥,, with respect to the generators of the rays of  are given by
\IlaDdé::xt = :xt’ (412)
jaDaé::xt = iE:xt' (413)

The polarization condition, when written in terms of the extended functions, then becomes (c.f.

Egs. (3.27) and (3.28))

0= (g —1@p?) DyEX

exrt
. 1 . .
= (Gp®* — 1) Do&s,, — 3 (U0 + o T +1T0% — 10, T %) Do&l,, (4.14)
= (G — i) Dokl

We have arrived at the following: The space of pre-quantum states is isomorphic to the space of
functions on X which are anti-homogeneous, in the sense of Eq. (4.10). Of these functions, those
which represent physical states of the re-quantized theory are those which are preserved by the
Kahler polarization on the original Hilbert space. Therefore, the ‘re-quantum’ state space consists

of the functions &*_, : H — C which satisfy the following two equations:

Z) 5:1:7&(6\1[) = Eg:xt(lll)’

(4.15)
ll) (Gba — ina) Dafim =0 (OIl %X)

One may recognize % (Gab — iQa‘E’)Dt7 as the Dolbeault operator d. Condition (77) then states
that &%, is anti-holomorphic on H*. Since holomorphic functions are fairly ‘rigid’, we should expect
the conditions expressed in Eqs. (4.15) to be fairly strong.

In order to explain this, and to avoid infinite-dimensional complex analysis, let us pull back
Egs. (4.15) to an arbitrary finite-dimensional, complex subspace V of H. That V is a complex
subspace means only that it is preserved by the complex structure J%, = ,%. Suppose the complex
dimension of V is n, and let {eq, ... ,e,} be an orthonormal basis of V' (with respect to the Hermitian
inner-product (,)). Then {eq, ... e,, Je1, ... Jey} is areal basis for V and any element ¥ € V may

be uniquely written
T = 2le; + yi Je;. (4.16)

We are simply introducing complex coordinates 2! = x! + iyt on V. (This is a rare instance in
which our notation, which slightly disguises the complex nature of 7, is inconvenient.) Let ¢ be

any complex-valued function on H which satisfies conditions (i) and (i) (and therefore represents

a re-quantum state), and let |y denote its restriction to V. As a result of condition (i), we find

that ¢

v satisfies

(52— ) v =0 (on V(o)) (17)
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and is therefore anti-holomorphic on ¥V —{0}. Further, by virtue of condition (¢), this function is
bounded on any bounded region containing 0. Thus, by a standard result of complex analysis (see,
for example, Rudin [42]), ¢

conjugate is therefore representable by a power series in z! about 0, which by (i), must consist of

v extends to an anti-holomorphic function on all of V. It’s complex

only the linear terms. Hence (|y is a continuous, anti-linear function of 2. Finally, since this is
true for arbitrary V', ¢ is a continous, anti-linear function on #, and must therefore be of the form
((¥) = (¥, O).

We have just seen that the general solution to Eqs. (4.15) is given by

© (W) = (T, Be). (4.18)

ext

The re-quantum Hilbert space is, in this way, naturally isomorphic to the original Hilbert space. In
particular, there is a natural inner-product to choose for the ‘re-quantized’ theory.

Finally, let us consider the re-quantized observables. We already know that the quantizable
functions are precisely the observable functions. Let f be any such function on P, and let F' be
the corresponding operator on #. Since Xf is the Schrodinger vector field associated to F, for any

section & that satisfies the polarization condition, we have
L\ ) .
(Ofﬁ) (V) = —ihLy & (T)
. € =~
— _ifi lim [(qf - —JFv, <I>E> — (¥, <1>5>] (4.19)

e—0

<qu, <1>5> - <x1: Fq>g>.

Therefore, under the mapping ¢ +— ®¢, the re-quantized operator Of simply maps to the operator
F from which f was defined in the first place!

Our first guess was correct; (quantization)? = quantization. We already know this result to hold
for the simplest case—the spin—% system. The classical model of spin is the 2-sphere, equipped with
a symplectic structure. Quantization of this ‘classical theory’ simply produces the spin—% Hilbert
space C? (that is, if one chooses the ‘correct’ symplectic structure; see below). As we know, this
classical theory is exactly the fake one determined by the structure on the projective space CP'.

Actually, the story is slightly more involved than that. There is one symplectic structure, say w;
on S?, quantization of which produces the Hilbert space C2. All other symplectic structures on S?
which satisfy the pre-quantization condition are integral multiples of wy. The other finite-dimensional
Hilbert spaces arise by quantization of these multiples of w; (see, for example, Woodhouse [43]). In
this way, the 2-sphere is the classical phase space corresponding to all finite-dimensional quantum
theories. We have found that one may also view CP” as describing the ‘classical theory’ correspond-

ing to the quantum Hilbert space C*t1.

4.2 Second Quantization

A moment’s reflection will lead the way to a similar description of second quantization. As just

discussed, there are countably many symplectic structures on S? which satisfy the pre-quantization
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condition—those whose integrals are integer multiples of 27A. It turns out that the the first quan-
tizable symplectic structure on S? = CP! is naturally induced by the inner-product on # = C2. Or
is 1t7

The fact of the matter is that, from a mathematical point of view, there is noting ‘natural’ about
our particular choice of symplectic structure on P. We chose to define w by projecting from the unit
sphere in i because of our ‘physical’ biases, not because it is the mathematically preferred choice.

Had we chosen some other sphere, say
S ={¥ e |(¥, V) =+F}, anyrealk, (4.20)

the entire game could have been played with no lack of success. Had we done that, we would have
obtained the symplectic structure wy := kw, which 1is, in general, not quantizable. The fact that we
just quantized (P,w) is clear enough indication that wy is quantizable, for £ = 1. Tt then follows
that wy satisfies the pre-quantization condition for all integral values of k. Furthermore, these are
the only values of k for which wy is quantizable, since the integral of w over the 2-sphere obtained
by projecting any 2-complex dimensional subspace of H is exactly 27h.

We will now quantize (P,wy) for integer k. Recall the result for # = C?: quantization of wg
produces the spin—% Hilbert space, C**'. For this reason, one might guess that quantization of
wg, will yield the k-particle subspace of the second quantized theory. We will see that this guess is

correct.

4.2.1  Pre-(second-)quantization

For the case £ = 1 we had already constructed the pre-quantum bundle. In the general case, we are
not so lucky. Now, we are imagining that we have described the geometric structure (gx,wg) on P by
projection from the sphere Si. This sphere is also a principal bundle over P (it is essentially identical
to S 5 P); and Sy is equipped with the natural (Berry) connection determined by the one-form
ﬁj. Unfortunately, the curvature of this connection is given by —ﬁﬂ'k*wk, where 7y : S — P
denotes the relevant projection. Note that multiplication, by &, of the above connection form does
not produce another connection form on Sg. The construction of the pre-quantum bundle, in the
general case, is not the trivial matter encountered in the previous section.

In order to construct the right pre-quantum bundle, we would like to “put some twists” in

Sk =% P. Since U(1) acts on itself in a number of trivial ways, i.e.,
U(1)3g:uw gfu, for any integer k, (4.21)

we can construct other U(1) bundles, which are associated to this one. This is done as follows:

Define equivalence relations on S; x U(1) as
(U, u) ~p (U=t g"u) YgeU(l). (4.22)

Denote the corresponding equivalence classes by [¥, u]x, and the space of such equivalence classes by

Y. The result is a principal bundle, & =% P where the projection is defined as 7 [¥, u]x = 4 (V).
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The group action of U(1) on this bundle is given by [¥, u]x-¢g = [¥, gu]x. Note that the ¥ appearing
in these expressions is an element of S, for some fixed k.

The bundle structure of X Tk P is defined as follows. As for associated vector bundles, any
local trivialization (U;, ¢;) of Si defines a corresponding trivialization (UZ,&“) of the associated

principal bundle;
GE U x U =7 (Uh) 6F : (pu) = [6(p,e), ulk. (4.23)

However, unlike the situation discussed in Appendix A, for the case of associated vector bundles, the
transition functions are not simply those of Sy, % P (after all, that’s the point!). Let (U;, d;f) and
(U3, (/;f) be two local trivializations. Then, if g;; is the transition function relating the trivializations

of the original bundle,

‘%?(p’ u) = [p(p,e), ulk = [0:(p, 9i;(P)), ulx

4.24
= [¢i(p.€) - 9i; (), ulx = [¢i(p,€), g5 (p) - ulk. .

So, to obtain the transition functions for the associated bundle, one simply raises the original
transition functions to the k" power.

Now, for each k, we have a new principal U(1)-bundle over P. The next step is to define a
connection Ag on each X &> ‘P, whose curvature is —%wk. There is an obvious candidate: the
horizontal lifts of a curve () on P are defined to be of the form [§(¢), €], where ¥ is a horizontal lift
to Sk. To compute the curvature of this connection is easiest by introduction of the corresponding
one-form, A, on Xj.

For any given k, let us define a special vector field on Si x U(1):

d d
Kol = 5 (¥ )| = g6 (—k%> ,

where 6 is the angular coordinate on U(1); u(f) = e~i?. Note that the bundle manifold $y consists
of integral curves of xi; a one-form on Sy x U(1) which is orthogonal to, and covariantly constant

in the direction of g, then defines a one-form on X. In this way, we introduce the connection form:

define
1
o = %‘7@ (d6), (4.25)

where, here, J is viewed as a one-form on Sg. First, since Sy is the sphere of squared radius 2hk
(with respect to G), J*J, = 2hk; therefore, iy, ar = %Jaj" — k = 0. Next,

. . . [
Lyop = (iy,d + diy, ) ag = iy, <—gﬂ'k wg @ 0>

1
= —%ijﬂ'k*wk =0.

(4.26)

Thus, ay defines a one-form Ay on Xj. Along the way, in Egs. (4.26), we found that day =

—%ﬂ'k*wk @ 0. As a consequence, dA; = —%ﬁ';wk. We have constructed the desired connection

form; ¥y — P is the k" pre-quantum bundle.
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Now we must construct the line bundle which is associated to Xy, i> P; call it Fy 5 P One
can simply use the definition provided in the appendix; i.e., define an equivalence relation on g x C
via ([¥, ulg, ¢) ~ ([\Il, ulg 97 g ~z), and divide X x C by this equivalence relation. Things are
getting rather complicated; fortunately, there is a simpler way to go about this, which also makes

closer contact with the original Hilbert space. We define an equivalence relation on Sy x C:
(W,0) ~ (g7t g% ) VgeU(l), (4.27)

and put Ej := Si x C/ ~j. Let us denote the equivalence class containing (¥, ¢) by [¥, ¢]; although
this notation has been reserved for the principal bundle, the form of the equivalence relations are

identical, so this should introduce no confusion. Naturally, the projection is defined in terms of my;
kaEk —)P, Pk Z[\I’,C]kr—>ﬂ'k(\1’).

Finally, given a local trivialization (U;, ¢;) of Sk % P, one can introduce the obvious local trivial-

izations of By 2% P;
7 U xC%plzl(Ui), 71 (p,e) = [o(p,€), clk.

One then finds that the transition functions coincide with those for the principal bundle X Ty P,
indicating that we have constructed the line bundle correctly.

We can now begin to turn the crank supplied by the geometric quantization procedure. Fix
the integer k arbitrarily. Analogous to what was done in §4.1.1, we may associate, to every section

s :P — Ej, afunction on Sg:
sopg [, clg =: [V, s*(0)]x. (4.28)

It should be noted that this notation is not entirely consistent with that used in the general discussion
of §4.1.1. The principal function was defined as a complex-valued function on the principal bundle
to which the pre-quantum line bundle is associated; here s* is a function on Sp—mnot Xy—but we
will still call it the principal function associated to s. As a result of the definition, [¥g, s*(¥g)]x =
(@, " 5* (¥g)]r =

s (Wg) = g~ s*(0). (4.29)

As a generalization of Eq. (4.3), to arbitrary integral &, we then have a one-to-one correspondence
between sections of Fy and smooth functions on X; which are, in the above sense, homogeneous of
degree —k. The space of such functions is the pre-quantum state space,® Hpre .

Let us now begin to consider the pre-quantum operators. We would like to describe the action
of a pre-quantum operator Okf, on a section s : P — FEj, in terms of the induced action on the

principal function s*; i.e., we desire an analogue of Eq. (4.8). Therefore, given any real function f

3 Again, we proceed blindly. An inner-product will present itself at the end of the construction.
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on P, consider the fundamental vector field f*

d .
T |[\1:,c]k C= E[\II’ clk - exp(—itfopr[¥, cli)

d —1
4 fon(trmin). |

on Y. Since, again, we are attempting to make contact with the original Hilbert space, it should

t=0 (4.30)

)

t=0

be useful to notice that f* naturally defines the following vector field on Sg:

il = %\p exp (‘Titfom(\p)) _ % Fore (W) T |y - (4.31)

t=0
The useful fact is that similar to Eq. (4.7), multiplication by f, of a section s, corresponds to Lie

differentiation of s* with respect to fﬁ;;

d .

ES* (‘Ile—lthﬂ'k(\If))
_1ld4d
Tk odt
= ifom (W) s*().

fh (s%) =

t=0

| — &~ =

{eiktfowk(\ll)s*(\p)} (4.32)

t=0

Now, let Dy denote the covariant derivative on X, which is defined by the connection A;. As

an immediate consequence of its definition,
* _ *
(DkX S) = .f)gs ,

where X is the horizontal lift, to Sy, of X. In particular, let Xiy be the Hamiltonian vector
field of f, as defined by the symplectic structure wg. Then the pre-quantum operator, Okf 1S >

—ihDyx,,s + fs, acts on the principal function as
. * . N - 1 .
(Okfs) = —lﬁkafS*, ka Zka + %fﬁk. (433)

If f:P — Ris an observable function (and hence a ‘good’ function), then by Egs. (4.31) and
(3.33), the vector field ka, which is defined by operator Okf, is precisely the (restriction to Sy of
the) Schrodinger vector field determined by the operator whose expectation value agrees with the
function f o mg!

Having endured all these mathematical constructions, we may now remember just a few facts:
The pre-quantum states are represented by smooth functions s* : S — C which are homogeneous
of degree —k. To each function on P is associated a pre-quantum operator Okf, which acts on s*
(up to the factor of —if) by differentiation with respect to the associated vector field ka. It 1s
an immediate consequence of the geometric quantization procedure that the mapping Xz — ka
preserves commutators of vector fields; this provides a formal homomorphism of the Poisson algebra
of ‘classical’ functions into the commutator algebra of operators on Hpre . Again, if f is observable,
then the vector field ka is simply (the restriction to Si of) the Schrodinger vector field of the
operator F' which defines f.
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4.2.2  The Fock space

Having completed the pre-quantization procedure for general k, we simply generalize the procedure
employed for £k = 1. We begin by extending the pre-quantum principal functions to all of H. For
cach s* € Hpre, 1 We require that the extension s, satisfy

*
Sext

(cW) = *s*(T). (4.34)

Any such extension is smooth on H—{0}, and the space of such functions on A is naturally isomorphic
to /Hpre, k-

Just as in the previous case, the physical sections are those which are preserved by the Kahler
polarization defined by (gx,wx), where grag = kgag, and similarly for wy. Of course, the polarization

itself is independent of k; the polarization condition may then be written
(gab — iwab) Dyps* = 0.

As in the previous section, one may easily write the derivatives of the extended principal functions
with respect to the generators of the rays; they differ from Eqs. (4.12) and (4.13) by a factor of k,

which does not affect the final statement of the extended polarization condition:
(G = iQ,°) Dyst,, = 0. (4.35)

Again, the pre-quantum states which satisfy the polarization condition are in one-to-one corre-
spondence with homogeneous functions on H, which are preserved by its Kahler polarization. The

generalization, to arbitrary (integer) values of k, of the quantum conditions (4.15) is then

Zk) Sth (C\Ij) = Ek Sth(\II)7

(4.36)
Zlk) (Gba — ina) Das:m =0 (OIl %X )

Physical states of the quantized k" fake classical theory are functions on # which satisfy these two
conditions.

We now argue that the general solution to conditions (i) and (4ix) is provided by an element of
the symmetric tensor product ®f H. Recall that the tensor product ®k ‘H consists of all bounded
anti-linear maps T : H x &M « 3 5 C, and that ®§ ‘H is the subset of ®k ‘H containing the
totally symmetric elements.

Let us first establish some notation. For the moment, we will use an index notation for Hermitian
tensor operations on H. Here, ¥4 and ¥, denote a (complex) vector in H, and its dual* with
respect to the Hermitian inner-product, respectively. The inner-product, (®, ¥), for example, is
denoted ®, ¥4, Tensor operations are denoted similarly; for example, an element 7' of ®k H may

be written as 741 Ak

4One may prefer to think of ¥ 4 as an element of the complex conjugate space . Similarly, elements of ®k H

are actually tensors on H x (k times) o 77 The Riesz lemma allows us be sloppy in this regard. For a discussion of

the abstract index notation appropriate for complex Hilbert spaces, see Wald [44].
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Now let ¢ be any complex-valued function on H which satisfies the conditions (i) and (é4). Let
v, the restriction of { to V.

Using exactly the same reasoning as given in §4.1.2, one can see that |y is an anti-holomorphic

V be any finite-dimensional complex subspace of # and denote, by (

function on all of ¥V, which is homogeneous of degree —k in the sense of condition (ig). There is a
one-to-one correspondence between such functions and totally symmetric, rank k&, tensors on V' (or,

more precisely, on V) To see this, associate, to (|v, the tensor

TAl"'Ak ::i 0 0 CV
Clv ktomy, — 0my,
where 71 denotes the generic element of V. Té?j/mA" is clearly symmetric, and

Conversely, given any such tensor, one may define, using Eq. (4.37), the corresponding function on
V.
Therefore, given any solution ¢ to equations (ix) and (i), one may associate, to each finite-

dimensional complex subspace V of H, a symmetric tensor TCAIX “Ak  This uniquely defines a sym-

CAp

.
A%
metric tensor TgAr on all of H; given elements Wy, --- , ¥, € H, one can simply construct the

vector space V generated by the ¥; and define
TCAI'“Akaml WA, = Tg?j/'”A"aml o Wga,.

Conversely, of course, any such tensor defines a solution to Eqs. (4.36).
In this manner, the k" quantum Hilbert space—call it H;—is somewhat naturally identified

with the symmetric tensor product ®[: H. Recall that the symmetric Fock space is defined as

[e%S] k

F(H) =P (@%) :
k=0

Therefore, Hy may be viewed as the 'k-particle’ subspace; in particular, the k-particle states, some-

times written as |®q,---, ®g), each constituent ‘particle’ of which itself has a definite state in H,

are represented by

Ay A _ x4 A
Th A =l

where (1---k) denotes symmetrization over all k labels. The standard description of second quan-
tization is then recovered by quantization of all allowable symplectic structures on P at once!

To strengthen the sense in which the above statement holds, let us also verify that the second
quantized observables agree with those provided by the standard Fock space quantization procedure.
Let F be any observable quantum operator, and let f be the corresponding observable function,
as defined by projection from the sphere Si (ie., 7} f = (F>|Sk) Then, if 741 4% is the tensor
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corresponding to the k-particle state (,

(Okfc) (W) = —ih £, ¢

v

(4.38)

e—0

— _ifilim TArA (@1 + %ﬁA) (@k + %ﬁAk)

k -
_ ZTAI,»»AkTAITAI Wy, FU, T,
=1

Ta,.

i1

This should be recognized as the familiar form of the action of the second quantized operator on the

k-particle subspace; its action on a direct product state may be somewhat heuristically written as

k
Okf|¢>1,~~~,d>k>:Z‘d>1,~~~,F<I>Z»,~~~,<I>k>. (4.39)



FURTHER CONSIDERATIONS

Let us now consider a few of the questions that provided the motivation for the geometric formulation
of quantum mechanics.

The structures involved in the geometric description of quantum mechanics are much more
easily generalized than those of the algebraic description. There are three elements of standard
quantum mechanics which immediately come to mind: the phase space, the set of observables,
and the dynamics. While, there is no clear idea how to construct a “non-linear Hilbert space”,
one might entertain the idea of a generalized quantum theory whose phase space is an arbitrary
Kahler manifold, (M, g,w). In the standard picture, the observables preserve the metric; this is
a strong constraint, which is satisfied only on a ‘small’ subset of the class of all smooth functions
on the phase space. One may wish to consider the set of all functions on the generalized phase
space M, to represent the ‘observable’ quantities. Lastly, while the dynamics of standard quantum
mechanics preserves both the metric and the symplectic structure, one might consider a generalized
dynamics which preserves only the symplectic structure. For example, the flow associated to an
arbitrary smooth function on M will be of this nature. These three features of the formalism may
be extended independently of one another. The extension of the notion of the spectrum and its
physical interpretation are not considered in this thesis; nor do we examine any other aspects of
the probabilistic interpretation of such a radically generalized quantum mechanics. It should be
pointed out that a complete and consistent formulation of a generalized mechanics which includes
a suitable measurement theory will not be possible in general. Quantum mechanics is very rigid in
this regard, and any generalization will have to be finely tuned to incorporate the essential features
of the standard picture.

It is partly for this reason that extending a physical formalism in a reasonable way can be very
difficult. Generalizations are easy to find, but they are typically of no physical relevance. Therefore,
it is essential that one has a firm grasp of the character of the original theory. The next section
is devoted to the study of what picks out quantum mechanics from all generalized formalisms. We
will find that the essential feature of ordinary quantum mechanics is the maximality (in a sense to
be explained) of the set of observables.

Having come to an understanding of what sets the standard formalism apart from the natural
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generalized frameworks, we take a brief look at some of the familiar considerations that have been
made in the past. A number of researchers have considered non-linear modifications of the quantum
dynamics which do not alter the kinematic structure; this simplest possible route to a generalized
mechanics will be the primary focus of §5.2. We are not interested in suggesting a particular equation
of motion; our interest is in a general framework in which to study such questions. Recently,
Weinberg has also considered the question of such a general setting for non-linear modifications
of quantum mechanics [6]. Unfortunately, since his formalism seems not to include many of the
familiar examples, it does not have the flavor of a universal framework for the discussion of non-
linear dynamics. We will see, however, that when viewed from a geometric perspective, there is
a very strong sense in which Weinberg’s formalism is quite universal. This is illustrated with two
examples, which Weinberg had eliminated from consideration: the so-called “non-linear Schrodinger
equation” and the logarithmic equation of Bialynicki-Birula and Mycielski.

The last section is devoted to some preliminary questions involving the relationship between clas-
sical and quantum mechanics. Since quantum mechanics admits a description in terms of symplectic
geometry, it is natural to ask for the relationship between the symplectic structures of classical and
quantum mechanics. This question is considered for the particular case in which the corresponding
classical phase space is linear. We find that the quantum phase space may be viewed as a bundle
over the classical phase space, and notice that there is a natural decomposition of the tangent spaces
of P into horizontal and vertical components. We will see that the classical symplectic structure
may be obtained as the ‘horizontal part’ of the quantum one. The issue of dynamics is not a simple
one; in order to gain some insights, we consider the harmonic oscillator. We are naturally led to
a preferred embedding of the classical phase space into P. After closer scrutiny, we find that this
embedding i1s one of many horizontal sections of our quantum bundle. These sections, defined in
purely geometric terms, are then seen to correspond precisely to generalized coherent state spaces.

We then conclude with a brief look at semi-classical dynamics in terms of the WKB approximation.

5.1 Characterization of Ordinary Quantum Mechanics

In an attempt to generalize any mathematical formalism, it is important (if not essential) to have
an understanding of what characterizes the original one. This gives one an idea of how dramatic
any particular generalization may be and can provide a clearer indication of the physical role played
by the relevant mathematical structures. This section presents a few results which characterize the
kinematics of ordinary quantum mechanics.

Let us begin with an arbitrary connected Kahler manifold (M, g,w), which is to represent a
radically generalized quantum theory, and ask for the conditions which guarantee that ordinary
quantum mechanics is recovered. As we know, the observables of ordinary quantum mechanics are
smooth functions on the phase space whose Hamiltonian vector fields are Killing; we therefore let

the observables of the generalized framework consist of all smooth functions on M which preserve
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the metric. Denote this set as
0= {f:M—)]R| ,fogZO}.

Note that while we call elements of O observables, we have not introduced a complete generalized
quantum formalism (and will not do so since it appears to be impossible at this level of generality).

It should be emphasized that there are Kahler manifolds which do not admit even a single
observable function (other than the constants); the torus is an example. Let us briefly consider this
fact. The discussion on page 39, which introduced the notion of symmetry data, is valid for any
Kéhler manifold. As before, we will denote by S, the set of symmetry data at the point p € M (if A,
X and K are zero-, one- and two-forms at p for which w,” K5 is symmetric, then (A, X, K) € ;).
Given an arbitrary p € M, any observable function f : M — R then determines an element of S,
(and is completely determined by its value and first two derivatives at the arbitrary point p). By
Theorem 3.4 of §3.2.1, the converse also holds for ordinary quantum mechanics. In this sense, the
phase space of standard quantum mechanics admits “as many observables as possible”. This useful

idea will be used extensively; let us introduce some terminology:

Definition 5.1. If, for each p € M, every element (A, X, K) € &, is integrable in the sense of

Theorem 3.4, we will say that O is mazimal.

The set of observables of ordinary quantum mechanics is maximal; we will see that it is essentially
the requirement of maximality that allows us to recover the standard formalism.

Before considering the implications of the maximality of O, we recall some basic facts about
the Riemann tensor of a Kahler manifold. Denote by Raﬁvé the Riemann tensor of g; with our
conventions, R is defined by Eq. (3.38). In addition to the Bianchi identity, the Riemann tensor on
any differentiable manifold satisfies a few algebraic identities (e.g. R[am]‘s =0, R[a,@hé = Ramé,
and R,g[ys) = Rapys). By virtue of the Kahler structure of M, the Riemann tensor possesses a
few additional algebraic properties. First, since the complex structure j°, = w,? is covariantly

constant, for any ks we must have
Ropy"wilhs = 2V Vgwy ks = wy Ropu’ks.
Therefore,
Ropyuws" = Ragopwy™. (5.1)
Contracting this equation with w,” gives another useful identity:
Roguvwyws” = Rapgys. (5.2)

The concept of scalar curvature is useful in the study of differential geometry of real manifolds,
but not quite so useful for Kahler manifolds; any Kahler manifold (of complex dimension > 1) of

constant curvature is necessarily flat [39]. There is, however, a generalization which we will find
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extremely useful. The Riemann tensor is said to be of constant holomorphic sectional curvature

(CHSC) at p if it is of the form

C
Roc[j’y5|p = 5 (g'y[agﬁ]é + Wapwys — (.J,Y[a(-dﬁ]é) |p'

The real number C' is the value of the holomorphic sectional curvature at p. If, for some constant
C', the Riemann tensor assumes the above form at each point, M is called a manifold of CHSC=C.
Recall from Eq. (3.39), that the projective Hilbert space is, with our conventions, a manifold of
CHSC= % One can show that if the Riemann tensor on a connected Kahler manifold M is of CHSC
at each point then it must be of overall CHSC [39]. We will always assume that M is connected.

Now that the preliminaries are out of the way, let us consider the observables of the general
framework. The algebraic structure on the set of observables seems to be of great importance in
both classical and quantum mechanics. In particular, the Lie structure is relevant for the description
of the dynamics and for the consideration of integrable systems; the Jordan product of quantum
observables is related to the notion of uncertainty, etc. The algebraic structure of O will be our
primary concern in this section. Since the commutator of two Killing vector fields is another Killing
field, the set of observables on an arbitrary Kahler manifold is closed under the Poisson bracket
{,}. The Poisson bracket also satisfies the Jacobi identity; this equips @ with the structure of a Lie
algebra. On the entire function space, we may also define the commutative operation

h
=3

Let us call {, }; the symmetric bracket. Tt is important to note that the set of observables on an

kb= (G0 + I (10 3= 5(Tal)g™ (T5k) = 50X/, X0)

arbitrary Kahler manifold is not necessarily closed under the symmetric bracket.
In order to thoroughly explore the algebraic structure of O, we generalize a technique which was

introduced by Ashtekar [45] for the study of isometries. Suppose {’ and ]2‘ are any two observable
functions on M, and let { be the Poisson bracket, { = {{’,{’} Since the f generate Killing
vector fields, they determine elements ({’,)I(,II() € S, for any p € M, where )l( = X{ . and
Il&’aﬁ = VQ(Xf)ﬁ|p. Of course, { = w()l(,%() and )3(& = —gaﬁ[X{, Xg]ﬁ|p = )2(511(/@0( — )I(ﬁlfﬁm
where [,] den(;tes the Lie bracket of vector fields. Further, it is also easy to show that Ia(ag =

I}roﬂ[}/vﬁ — [l(oﬂé(w + )l(u)z(l,Raﬁ‘“’. This fact suggests that we define the following operation on
the set S, of symmetry data:
|:<f1)1(1 [1/7>1 (faé(1 {{)] = <(.d<)1(,)2()7 )2(/6[1{@& - )l(ﬁé(ﬁou
P (5.3)
Ko Kyp — Ko Kqp + )l(u)vaaﬁ‘“') :
This bracket was simply defined to produce the symmetry data corresponding to the Poisson bracket
of f and f. For the arbitrary Kahler manifold M, it is straight-forward to check that S, is closed

under this bracket operation; however, the Jacobi identity will, in general, fail.



69

Before studying the algebraic structure defined by the above bracket on &,, let us make the
analogous construction for the symmetric bracket; let f, f € O, and denote the corresponding
elements of S, by (f,X,K). Let k be the symmetric bracket, k := {f, f}+ = ff + %g()l(, )2()
Then one can easily show the following:

h
wo?Vak = fXo+ [Xat qua’ (507 + KppX7), and
Va(Xk)s = [Kap + [Kap + 5 Eq1ow? K + X" XY [MRa(u)y = 20a(ugu)] ws”-
Therefore it is natural to define the following commutative bracket:
. . h
((fa)l(all/): (fa)gaé\)) = (ff+ §g<)1(: )2()’
1 2 p 12
h . .
.{)2(04'1'{)1(04'1'§waﬁ<{‘ﬁ'y)§’y+éﬁ'y)§’y): (54)
[Kap+ [ Ko+ h Ko™ Kgs + X1 X [BRaguyy = 200(udv)n] wﬁ”)
If M is a projective Hilbert space, this operation produces the symmetry data determined by the

Jordan product of f and f. For the generic case, O will not be closed under the symmetric bracket,
1 2

and hence the bracket defined by Eq. (5.4) will not generally preserve the set of symmetry data
(even if one assumes that O is maximal). Therefore, (,), should be viewed as an operation on the
space of triples (f, X, K'), without the restriction imposed by Definition 3.2 on the two-form K. The

condition that &, is preserved under the action of (,), is quite a strong one:

Lemma 5.1. The set, Sp, of symmetry data is closed under (,), if and only if the Riemann tensor

s of CHSC:% at p.

Proof. If R|p i1s of CHSC= %, then it is rather simple to verify the closure of S,. We consider only

the converse. Let (f, X, K) € S, be arbitrary (i = 1,2), and put
Lap = [Kap+ [Kap+ B Ksfow™ K gis + X* X [BRa(u)y = 29a(udv)y] w5 -

L is the second rank tensor at p which is defined by Eq. 5.4. The (,), bracket then preserves S,
if and only if L is necessarily skew-symmetric and w,” Ly = wg? L. That the first three terms

individually satisfy these conditions is easy to show; let us focus on the third term. Put

Soc[j;w = [hRoz(uu)é - 2ga(ugu)6] wﬁ6~
That wWﬁSaﬁW = waﬁSﬁW quickly follows from the algebraic properties of R; therefore, the second
condition is satisfied. We need only show that S,gu, + Sgau = 0. Contraction of this equation
with w;s? gives, after a short manipulation, the equation

4
0= (géﬁgaW — wéﬁwoﬂ) (Ruguvy + Rupuy) + 7 (ga(ugu)g + wa(uwl,)(;) .
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If one now skew-symmetrizes with respect to a and p and uses the algebraic properties of the

Riemann tensor, one obtains the desired result:

Ropuv = 5 (Julabp + Wapu — Walawpl) - 0

Note that the above consideration involves only a single point of M. If the set of observables
is maximal, then its elements are in one-to-one correspondence with elements of S, for any p € M
(by definition). Therefore, if O is maximal, its closure under the symmetric bracket is equivalent to
closure of S, under (,),, for an arbitrary p € M. If we apply Theorem 5.1 to each point of M, we

immediately obtain

Corollary 5.2. Suppose O s mazimal. Then O s closed under the symmetric bracket if and only
if the Riemann tensor i1s of CHSC= %

Before considering the skew-symmetric bracket on Sp, let us make a preliminary observation.
Recall that the triple (f, X, K) is an element of S, iff K is a two-form at p for which w,"K 5 =

wg? Kyo. This condition can be nicely stated as follows. Define

Piap = 5 (9" 95" £ wia'wps”) - (5.5)

N | —

One can easily verify the following:
Pias  Piys™ = Pias™,
Piap" Pras"” = 0.

Therefore P4 are projections on the space of two-forms; if L is a two-form, then

(P+L) 5= Lap & (P-L),; =0 & wa"Lys =wp" Lya.

af

Now let us consider the skew-symmetric bracket, [,],. Recall that while this bracket preserves
S, it is not generally a Lie bracket. The satisfaction of the Jacobi identity constrains the Riemann
tensor at p nearly as strongly as does the closure of S, under the commutative operation considered

above:
Lemma 5.3. [,], is a Lie bracket on S, if and only if the Riemann tensor is of CHSC at p.

Proof. If R is of CHSC, then one can easily verify that the bracket satisfied the Jacobi identity. We
will prove the converse by brute force. Let A = (f, X, K) be arbitrary elements of S, (¢ = 1,2, 3).

Using the definition (5.3), one finds that
[/1\, [/2\, {}]p]p + [/2\1 [/3\’ /l\]p]p + [/3\’ [/1\, /}]p]p = (O, 0, Maﬁ)a
where

Mop= > 2X"X"Kys [Rapp 90’ + Ryt 9]

cyclic perm’s
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and the sum is over cyclic permutations of the labels 1,2,3. We would like to show that M,z

vanishes. Using the projection defined above, we may write M as

‘ v oT s 14
Mag = Y 2X"X"TorPiys”” [Rapp’ 900" + Ruvta"91°]

cyelic perm’s

Notice that we may view the T as arbitrary tensors at p; therefore M is guaranteed to vanish iff

0="P4rs"" [Ragr? 91" + Ruwta 98] -

For the moment, assume that M is of finite complex dimension n; this assumption will be eliminated
shortly. We may then contract the above equation with the tensor g;"ws,w~#, which yields, after
plenty of inspired manipulation,
1 v H
(*) (n+ 1) Rapys = Ry[agp1s — §Rocﬁu witwys — Wy Ryfawpls,

where Rog := Rayp” is the Ricci tensor. Contraction of () with W7o yields Raﬁws(.ﬂ‘; = —2R,[awg]",

which, when substituted back into (), produces the expression
(**) (n+ 1) Rapys = Ryfagprs — Rulawpiuwys — @y Rujawgls -

Finally, contraction of this equation with g*7 yields the Ricci tensor, Rop = (RY/2n)gap, which,
when substituted back into (x) yields the desired result:

9r[09p)5 + Wapwrys — Wylawpls]

R
s = gy |

This proves our claim for the finite-dimensional case. It is not difficult to extend the result
to infinite-dimensions. Let V be any finite-dimensional complex subspace of T, M. Then we can

restrict the data A to V' and apply the above argument to see that the restriction of the Riemann

tensor to any finite-dimensional complex subspace is of the desired form. As a consequence, R itself

is of CHSC at p. |

Again, if O is maximal then [,], is a Lie bracket on S, for any p € M. As a consequence of
Lemma 5.3, the Riemann tensor is of CHSC at each point of M, and therefore M is a manifold of
CHSC; this is summarized by

Corollary 5.4. Suppose O is mazrimal. Then M is a manifold of CHSC.

Note that these results do not specify the (constant) value of the holomorphic sectional curvature,
but merely states that the Riemann tensor assumes this special form. However, by use of Lemma 5.1,

we have

Corollary 5.5. Suppose that O is mazimal and that S, is closed under (,), for a single point
p € M. Then M is a manifold of CHSCZ%‘
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Naturally, we would like to go a step further with the above corollary and obtain conditions
which guarantee that M is a projective Hilbert space. Any two finite-dimensional Kahler manifolds
which are complete, simply-connected and of CHSC:% are isomorphic [39, Ch. 4]. Therefore, in
the finite-dimensional case, we have obtained a characterization of the structure that picks out the
standard quantum kinematics from all possible generalized frameworks. If the generalized phase
space is a complete, simply-connected Kahler manifold and the set of observables (consisting of all
smooth functions which preserve the metric) is maximal and closed under {, };, then one is dealing
with the structure of ordinary quantum mechanics. It is not clear that one may do the same sort of
thing for the infinite-dimensional case. Indeed there may exist many different infinite-dimensional
Kahler manifolds (satisfying the above completeness requirements) of the same constant holomorphic
sectional curvature. If this is indeed the case, we would be presented with generalizations of the
standard quantum kinematics which seem to be quite subtle. Such minor generalizations are likely

to admit a consistent measurement theory and could therefore be quite interesting.

5.2 Generalized Dynamics

Let us now turn to some considerations which are a bit more familiar. In the past, a number of
researchers have considered non-linear modifications of the Schrodinger equation, but have retained
the kinematic structure. All of these “non-linear Schrodinger equations” have the feature that
the norm of the state vector is preserved by the generalized evolution. We will see that another
commonality (which is not at all obvious) is the fact that these familiar generalized dynamics’
induce Hamiltonian flows on the projective space. We will be naturally led to a picture that has
been suggested by Weinberg [6]. Moreover, we will find that Weinberg’s generalization (or, strictly
speaking, class of generalizations) is universal in a precise sense. Many of the familiar modifications
of Schrodinger’s equation do not seem to be of the Weinberg type. However, as is explained in §5.2.2,
they are equivalent to dynamical equations which are compatible with Weinberg’s formalism. The
nature of Weinberg’s framework will then be seen to be much more general than it initially appears.
In fact, this generality of the formalism is probably the reason that it is physically unacceptable.
As is discussed by Czachor [46], the Weinberg formalism can lead to faster-than-light signals. Our
primary intent in this section is not to support the idea, but to explain its geometrical meaning and

illustrate the clarity that is introduced by the geometric viewpoint.

5.2.1 Weinberg’s generalized quantum mechanics

Let us begin by considering the space of all smooth functions on the projective space. Let us think
of P as a reduced phase space, as described in §3.1.1. With this viewpoint, one considers the
observables as functions on S (the unit sphere in H, with respect to (,)) which are constant along

the integral curves of J; let us denote this set by

Ow ={f:S—=R| £5f=0}. (5.6)
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In this section, by the term ‘observable’ we mean an element of O . Recall that the flow on P
which 1s induced by f € Ow may be obtained as follows. First, extend f to a neighborhood of S
arbitrarily. Next, construct the Hamiltonian vector field determined by this extended function and
restrict to S. The horizontal part of this vector field is independent of the particular extension and
projects to a vector field on P (c.f. Eq. (3.8)).

There is a fairly convenient (but, by no means necessary) convention by which we may choose
to extend an element of Oy to all of H*. Suppose that F is a bounded, self-adjoint operator on
H, and that f is the restriction of its expectation value to S. One may consider it fairly natural to

agree to a convention with respect to which the extended f (call it f.z:) is simply (F);
Feat (W) = [[W[[* £ (/|| ¥]]). (5.7)

This equation may be used to extend any element of Oy, . Notice that the extension of any f € Ow,
commutes strongly with the constraint of Eq. (3.4) and hence the flow along Xy, , preserves the
norm of the state vector. Note also that for any f € Ow, the Hamiltonian vector field X;_, is

homogeneous of degree one,
Kfew (W) = X, (¥) Vee(

the flow on H* which is generated by fe: is homogeneous, but not linear.

Let us take a brief digression. We have extended the set of observables quite dramatically. In
the finite-dimensional case, for example, Ow is infinite-dimensional, while the standard set Oy is
finite-dimensional. It seems natural to wonder whether there is some natural extension of Og4, which
is not so ‘huge’. For example, one might desire that the extended set of observables generate flows
which, though generally non-linear, preserve the Hermitian inner-product. Denote by ®; the motion
along the integral curve of X;_, which passes through ® at ¢ =0 (i.e., $®; = X;_, |¢,t). Given two

) dt
points ¥, ® € H*, we ask whether (¥;, ®;) is constant. We see that

d 1 i

E(qlta <I)ﬁ> = % [G(Xfemt |\Il’ (I)) + G(\Ila Xfea:t |<1>)] + ﬁ [Q(Xfem |q,: (I)) + G(\Ija X.fea:t |q>)] :
t=0

This is to vanish iff G(X;,,, |\1:’ ®) = -G(¥, Xy, |<I)). Since the left side is linear in ®, so must

be the right side. Thus, ® — X, . |<I>

proven 1it, it seems intuitively clear that the result holds for the unbounded case as well. There is

must be a skew-self-adjoint linear map. Though we haven’t

no such thing as a non-linear unitary flow on #; we seem to be stuck with the set Oy .

Having decided to extend all functions as in Eq. (5.7), we see that there is a one-to-one cor-
respondence between elements of Oy and smooth functions on H* which are gauge-invariant and
homogeneous of degree two (if # is viewed as a vector space over the complexes, this corresponds
to homogeneity of degree one in ¥ and ¥). Motivated, as we are, by the desire for a general frame-
work for non-linear generalizations of quantum mechanics, Weinberg considered precisely this set
of homogeneous functions on H* as generalized observables. Let us then call the f..; Weinberg
functions. We have a one-to-one correspondence between Weinberg functions and smooth functions

on the projective Hilbert space.
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Next, the dynamical evolution considered in [6] corresponds to integration of the Hamiltonian
vector field of one of these homogeneous functions (we will not worry about the important fact that
the evolution will typically correspond to a vector field which is only densely defined). Weinberg’s
picture is looking very natural from the geometric point of view. However, there is one very important
point to note. Weinberg’s motivation for the homogeneity condition stems from the desire for ¥
and ¢¥ to represent the same physical state for any c€ C. This way, if ¥(¢) solves the equation of
motion, then so does ¢¥(¢) for any ¢ € C. Our attitude toward the homogeneity of the observables
is one of mere convention; if ¥ € S and |¢| # 1, then ¢¥ does not represent any physical state at all!
Our viewpoint is one in which the only points of physical significance are those of S. This may seem
a very minor point, but it has implications which provide a sense in which Weinberg’s framework

becomes universal.

5.2.2  Universality of the Weinberg formalism

To make closer contact with previous work, it should be useful to reinstate a complex notation. For
the rest of this section, we will be interested in the non-relativistic mechanics of a point particle
moving in R”. The Hilbert space is represented by the space of square-integrable functions on R™.
We will now view the generalized observables as functions on H* | i.e., by the statement f€ Ow we
will mean that f : #* — R is one of the preferred homogeneous functions discussed above. The
Hamiltonian vector field corresponding to f corresponds to the functional
X)) = 5 )

Of the familiar non-linear modifications to the Schrodinger equation, the best known is that

which goes by the name “the non-linear Schrodinger equation”. This equation is given by
ov

i (2.1) = (HoW) (x,1) + e[ ¥ (a, 1) "V (x, 1), (5.8)

where Hy = ﬁfﬂ + V is the standard Hamiltonian operator describing a non-relativistic particle
under the influence of a conservative force. Note that Weinberg correctly pointed out that the
“results obtained by the mathematical studies of this equation are unfortunately of no use to us
here”, due to the fact that the homogeneity requirement is not satisfied. Let us consider it a bit
further anyway. First, by dividing this equation by iA we obtain the vector field on H* which

corresponds to the generalized flow:
€
X[U)(2) = X [U)(2) + Xe[W](2),  Xc[¥](2) = —[U(z,1)"¥(z,2).

We are now beginning to be a bit sloppy; since Hy is a genuinely self-adjoint operator (it is not
globally defined), the first term is not quite a Hamiltonian vector field. The notation is helpful,
however, and we will continue with the minor abuse.

The first interesting observation is the fact that the non-linear term in the above expression is

actually the Hamiltonian vector field determined by the function

he(¥) := %/d"y [m‘l’(y,t) y
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ie., +=(8h. /6W)(x) = X.[¥](z). The implication of this fact is the following: being interested only
with the flow on P, we may may feel free to restrict h. to S. The restriction h€|5 contains all of
the information about h. needed for the consideration of the flow on P. Of course, to construct a
vector field on S which projects to the relevant one on P, we extend h, |S in any desired manner.

In particular, we may extend it in the way which Weinberg would suggest:
he (¥) := ||| he | (% /]| ¥]])

Therefore, the flow on P which is defined by h. may also be described by a Weinberg function!
The non-linear Schrodinger equation is a fairly trivial example since the generating function h.
is itself homogeneous, but only of the wrong degree. Let us consider another example which is not

so obvious.

The Bialynicki-Birula equation

In an effort to tackle the problem of combining systems which are subject to a non-linear equation of
motion, Bialynicki-Birula and Mycielski [7] were naturally led to a logarithmic equation of motion.
The classical configuration space of the entire system is R™ and the dynamics is assumed to be of

the general form

0 - 2
iU (@, 1) = (HoW)(z, 1) + F(|¥(x,t)|") ¥ (2, 1), (5.9)
where Hy = —%A + V(z,t). Here, A is the Laplace operator on R™ and V is, of course, real-

valued. While they provide an interesting discussion of the character of the above dynamical equa-
tion (for example, the norm of the state-vector is preserved), we shall only be concerned with
their main result: suppose that the potential energy is of the form V(z,t) = Vi(z1,...,zk,t) +
Va(®k41,--.,2n,t). Then there is only one function F' which does not introduce an interaction
between the two sub-systems defined by the form of V. The evolution of the state ¥(z,0) =
P1(z1, ... 2k, 0)ha(ZE41, - - -, Zn, 0) may be obtained by evoloving 11 and 1, separately (according

to the lower-dimensional analogues of Eq. (5.9)) if and only if
F(p) = —bIn(a"p),

for some constants @ and b. Note that a is a length scale, but has no physical significance since it
may be altered by addition of a constant to the Hamiltonian operator.

Let us then take F' to be of the Bialynicki-Birula, Mycielski form. Choosing units with respect
to which ¢ = 1 and assuming V' to be time-independent, the vector field on H* along which the

system evolves is then given by

X)) = X, W)@ + X0 [W)(2),  Xa[W)(e) =~ In (|9 ) (o)

Once again, the non-linear term can easily be seen to be Hamiltonian;

Xi[0] = Xp, (W], b ()= b/d”ywqf(y) (1= (T ()] -
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We can then carry out the procedure used for the non-linear Schrodinger equation to see that
the motion on the projective space is given by a Weinberg function. The resulting “homogeneous

logarithmic equation” describing the flow on H* is determined by the Weinberg observable
hy () = [|@][*h (¥/]]¥]))
=0 [ ay T~ [ @Y T b [T )

+b/d”yW\Il(y) ln[/d”z\Il(z)\I!(z)]
= h1 (W) +b[[¥|* n (||®[]?).

Even the logarithmic equation, which looks so dramatically ‘inhomogeneous’; induces a flow (or
at least defines a vector field) on P which may be described by a function of Weinberg type.
In retrospect, any generalized dynamics of the form specified by Eq. (5.9) may be written as a
Hamiltonian flow (by ‘integrating’ the function F'). One may then use the above procedure to write
the induced flow on P in terms of a Weinberg function on H*. This is true of any Hamiltonian flow
on H#* which leaves the unit sphere invariant.

By adopting the constrained system point of view, Weinberg’s formalism 1s seen to be quite a
general one. The author would be quite surprised to find a generalized dynamics with any interesting
properties which may not be described, as above, in terms of Weinberg’s language. An arbitrary
Hamiltonian flow on P may be described in Weinberg’s language and the Hamiltonian evolution

seems the only reasonable kind for us to consider.

5.3 Semi-Classical Physics

We now consider another of our motivations for development of the geometric approach to quan-
tum mechanics—the correspondence between classical and quantum mechanics. One might expect
comparison of the classical and quantum kinematics to be easiest. This is the first topic of §5.3.1.
For the simple case in which the classical phase space is linear, we come to an understanding of the
relationship between the classical and quantum symplectic geometries. In fact, we will discover a
number of natural embeddings of the classical phase space into the quantum one. This fact suggests
an interesting approach to dynamical questions. In §5.3.1, we examine only the simplest case—the
harmonic oscillator. Since the classical evolution is also linear in this case, we expect to find a fairly
simple relationship between the classical and quantum dynamics. Of course, we do not expect to
arrive at any fundamentally new conclusions; we simply hope to gain some insights regarding the
role of geometry in the dynamical aspects of the classical limit. Along the way, we will have encoun-
tered a number of natural embeddings of the classical phase space into the quantum phase space.
This fact suggests an interesting description of the coherent state spaces, which will be presented
in §5.3.2. Finally, in §5.3.3 we briefly consider semi-classical dynamics from the standard point of
view of Hamilton-Jacobi theory and the WKB method.
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5.3.1 The classical limit

Many textbooks on quantum mechanics present two separate discussions of the so-called classical
limit (see, e.g., [47]). One approach, is motivated by Hamilton-Jacobi theory and is related to
the WKB approximation. The other is in terms of Ehrenfest’s theorem, which describes the time
dependence of the expectation value of an observable in terms of the Hamiltonian operator. The
latter approach seems quite natural from our point of view, since in the geometric approach it is
the expectation value functions that represent the observable quantities. Let us delay consideration
of the dynamical questions and first consider the relationship between the classical and quantum

kinematics.

Kinematics: Linear systems

We suppose that our quantum phase space (P, g,w) corresponds to a classical phase space (T, )
which is linear. We then have an association of the the elementary position and momentum variables
of the classical theory to the basic position and momentum operators of the quantum theory. Let
Q; and P, (¢=1,...,n) be the basic quantum operators and denote the corresponding functions on
P by ¢; and p;, respectively. Note that the Poisson brackets of these elementary quantities satisfy

the same relations as do the classical variables:
{gi,p;} =6i; and {q,q;} =0={pi,p;}.

Strictly speaking, however, we can not quite use these variables; since Qi, for example, is only
densely defined, ¢; is not a well-defined function on all of P. The discussion below will therefore be
heuristic, but the results will be justified in the end. Our non-rigorous presentation is desirable in
that it provides an intuitive picture of the overall construction.

Let us denote the generic point of [' by a pair (qfl,pfl), where ¢! and pg' are, of course, the
coordinates and momenta of the point which they label. The Ehrenfest approach to the classical
limit suggests that to the point z € P, we identify the point (qi(m),pi(a&)) € I'. This defines the
mapping P 2, T which takes a point of z €P to the the element of I' whose coordinates are given by
the expectation values of the quantum operators at z. Tt will be convenient to let f. (r=1,...,2n)
denote the generic elementary observable function on P;i.e., {fr } = {qi, pii=1,..., n} To describe
the above projection another way, we may define an equivalence relation on P: z1~2z9 & fr(21) =
fr(z2) Yr=1,...,2n. Then T =P/ ~.

We have just described P as a bundle over the classical phase space I'. This naturally defines a
special subspace of of the tangent space T, P which consists of tangent vectors which are vertical.
That a vector v € TP is vertical simply means that v(f,) = 0 Vr =1,...,2n; equivalently,
w(Xfr|x, v) =0 Vr=1,...,2n. The vertical subspace may then be defined as

Ve ={vETP | w(Xslzo,v) =0 Vr=1,... 2n}. (5.11)

For the moment, denote by <Xfr>£ the linear span, at x, of the Hamiltonian vector fields of the

basic quantities. The assignment of the vertical space to each point z € P defines a vertical
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distribution which is just the w-orthogonal complement, V, = <Xfr>i', of <Xfr>1;' Notice that since

w(qu, Xpl) =1, V, does not intersect <Xfr>

Let us show any tangent vector Y at z may be uniquely written as Y = X + v for v €V, and
X e <Xfr‘>x' Note that since w(qu, Xpl) = 1, and all other pairings vanish, {Xfr
canonical basis for <X.fr>x' Given Y € TP, define X = 3", [w(Y, Xpl)qu - w(Y, Xqi)Xpl] and
put v . =Y — X. Clearly X € <Xfr >x and Y = X 4+ v. To see that v is necessarily an element
of V, = <Xfr>i', notice that w(qu,v) = w(qu,Y) - w(Xqi,X) = w(Xqi,Y) +w(Y,qu) = 0;
similarly, w(Xpl, v) = 0. Thus, v € V;. That this decomposition of Y is unique should be obvious

-

} forms a
T

since X is uniquely determined by the symplectic product of ¥ with the X . As a consequence of
this decomposition of the tangent spaces, on can easily find that Vi = <Xfr >i'J' = <Xfr >x All that
one needs to obtain from this argument is the following; the tangent space TP has been decomposed

as the sum T, P = V, @V of two symplectic subspaces, where
Vi ={XenP | wv,X)=0VYveV,}

An element of Vi+ will be called a horizontal vector; horizontal vectors are simply those which are
w-orthogonal to the vertical directions. If Y is a vector field on P which is every horizontal (resp.
vertical), we will simply write Y €V (resp. Y €V). Note that if f is any algebraic function of the
fr, then X; eVt

Let us make three more preliminary observations. First, the distribution V is clearly integrable
since for any vy, v2 €V, [v1,v2](fr) =0 = [v1,v2] € V. Next, since Xy, (fs) = {fs, fr}, we must have
[v, X;,.](fs)=0 Yve€V; so the Xy, preserve vertical distribution. Similarly, the Hamiltonian vector
field of any algebraic function of the f, also preserves the distribution. Lastly, since [X; , X ] =
0 V r,s, the horizontal spaces are integrable; there exist horizontal sections of our quantum bundle
over I'.

Now we are prepared to reconstruct the classical symplectic structure. Let &€ and { be two vector
fields on I', and let é and 5 be their horizontal lift to P, defined in the obvious fashion. Then the

classical symplectic structure is given by
a(€,¢) =w(); (5.12)

alternatively, we may write p*a = wpo,. Given our particular construction in which T' is a linear
space, etc., 1t is obvious that this correctly defines the classical symplectic structure. However, in
order to allow more general considerations in the future, let us see why this definition of a provides a
symplectic structure on I'. That a is well-defined is seen as follows: write é =& X;, and E = (" Xy, .
Then for any ve€V,

£,[w(&,Q)] = £, [w(€ Xy, ¢ Xy,)]

L[ ¢ {fe 4] = 0,

since {fs, fr} is again one of the elementary functions and, for example, £," = 0. Therefore,

the definition is consistent. To see that a is non-degenerate, notice that if a(f, C) =0 V, then



79

w(g, Q:) =0V Q:E Vo= 56 V; by construction, §~ must therefore vanish. Finally, that « is closed
is clear since it may be obtained by pulling back w via any horizontal section of P 50, and w is
closed.

The above arguments have been a bit dense; let us then summarize. For the case in which the
quantum kinematics corresponds to a classical phase space which is linear, there i1s a fairly natural
vertical distribution of subspaces of the tangent spaces of P. The vectors in this distribution are
simply those in directions along which the values of the basic functions (the ¢; and p;) are constant.
The classical phase space 1s the space of leaves of this distribution; in this way, P is viewed as a
bundle over the classical phase space. The symplectic structure on P defines a natural notion of
horizontality, and the classical symplectic structure is simply the horizontal part of w.

It would be desirable to extend the above construction to a more generic case. Our arguments
do go a short step in this direction. Suppose that V is an integrable, symplectic distribution of P of
(finite) co-dimension 2n which may be specified locally by the constancy of functions f.,r=1,..., 2n.
Suppose also that these functions may be chosen in such a way that their Poisson algebra closes (up

to constants). Then the quotient of P by V inherits a natural symplectic structure.

Dynamics: The harmonic oscillator

Since the horizontal spaces introduced above are integrable, we may embed the classical phase space
in P by choosing a horizontal section s : ' = P. Since the vertical spaces are ‘huge’ there are an
awful lot of these horizontal sections. It seems quite natural to ask whether any one of these is
preferred in some sense. The answer to this question will certainly involve the dynamics, which we
have not yet considered. In general, this is not likely to be trivial except for the simplest realistic
case—the harmonic oscillator—which we will now consider.

Recall the situation encountered in the elementary treatment of the classical limit from the point
of view of Ehrenfest’s theorem. If F' is any observable quantum operator, then the rate of change
of its expectation value is given by %(ﬁ) = %([ﬁ,f{]), where H is the Hamiltonian operator.
Now let f and h be the corresponding observable functions on P (again, we ignore the fact that
H is genuinely self-adjoint). Then, from the observations made in Ch. 3, we may write the above
as %f = {f, h}. The fact that this is exactly the classical expression is deceiving; as we know,
there is not generally a manageable relationship between the Hamiltonian function A : P — R and
the classical Hamiltonian function. In particular, A may not be written in terms of the ¢; and p;
alone; this is true even for the harmonic oscillator. From the geometric point of view, this seems
a bit puzzling, since the ¢; and p; ‘follow the classical trajectories’ if the Hamiltonian operator is
quadratic. Let us understand this.

Our first task is to find the relationship between the quantum Hamiltonian and the classical
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Hamiltonian function. This is not too difficult. The Hamiltonian operator is, of course,

1 - mw?
H = _P2 N2
2m 2 @ oy
. , (5.13)
~ o~ mw A~ A
= 5P, P} +—-1Q.Q},.
Therefore, h = —p + m;} 7> +5- (Ap)2+ mTw?(Aq)z, where we have used Eq. (3.48). Terms such as

the last two, involving the uncertamties, always arise when constructing the quantum Hamiltonian
function; this is what provides the distinction between the classical and quantum dynamics in the
generic case.

Notice that the Hamiltonian vector field X; may be decomposed into two parts
Xn = Xho + Xhas

where hg is the ‘classical Hamiltonian’ and ha = ﬁ(Ap)2 + mTwz(Aq)z. Since we know that ¢ and

p follow the classical trajectories, it must be the case that X, is purely vertical. Let us see why

this is the case. First, since %[Q{ f’] = 2@, if we take expectation values and apply Lemma 3.6,
1

we obtain

Xp((A9)%) = {(Ag)%,p} = 0. (5.14)

Similarly, we find that if f, and f; are any two of q or p (or, in the case in which there are more

basic variables, any two of the ¢; and p;),
Xfr(Afs) =0. (5.15)

Therefore, the uncertainties in the basic variables are constant on any horizontal section! As a
consequence, Xp, is purely vertical.

If s: ' — P is any horizontal section, the pull-back s*h is exactly the classical Hamiltonian
function, up to the constant uncertainty term. This is essentially the reason that the evolution of
the basic quantum observables agrees with the classical evolution. However, the quantum evolution
is far from classical in that it does not generally preserve the horizontal sections. We are lead to
ask if there is a horizontal section which is preserved by the Hamiltonian evolution; i.e., is there
a section sg : ' = P on which X}, vanishes everywhere? If so, this would provide a preferred
embedding of the classical phase space into P.

Notice that X, will be purely horizontal at # € P if the uncertainty term ha attains a local
extremum there. It seems a rather natural guess that this will be the case at some state which

saturates the uncertainty relation between ¢ and p. To see that this is indeed the case, it is convenient

2
mw 1
—h = -/ —A
AT l Zfi 2mhw p

to write ha as

1 1
—ApAg > - 5.16
+ApAg > 5, (5.16)
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where the inequality is, of course, due to Heisenberg. Therefore, if we are to find a state z at

which ha(z) = %‘) we will have found a state at which ha attains a global minimum, and hence
a state at which the flow is purely horizontal. This is easy, since a state at which (Aq)? = %

and (Ap)? = ”gﬂ is easily seen to do the trick! Since the only states which saturate Heisenberg’s
inequality are the Gaussians, and those with the particular values of the uncertainties that we have
just chosen are the only ones at which ha is minimized, there is only a single horizontal section
which 1s preserved by the Hamiltonian evolution. This is the preferred embedding of the classical
phase space we have been seeking; it is the section, on which the quantum evolution is the “most

classical”. Tt is easy to see that this result holds for the higher dimensional oscillator as well.

5.3.2 (Generalized coherent states

The reader who is familiar with the notion of coherent states may be wondering how they fit into the
geometric description of quantum mechanics. First of all, as is pointed out in [48, 8], the generalized
coherent state spaces (this notion is explained below) is endowed with a natural geometric structure.
How is the geometry of the coherent state spaces related to the geometry of the quantum kinematics?
Secondly, the standard space of coherent states of the harmonic oscillator may be specified by a
submanifold of the Hilbert space, each point of which saturates the Heisenberg uncertainty relation
in exactly the same way as does the special horizontal section discovered above. The (projection to
P of the) standard coherent state space is exactly the preferred horizontal section! Let us consider
this in more detail.

While we will consider only the oscillator, the notion of the coherent state is not particular
to this case. There are a number of different constructions of the coherent state space. We will
use the attractive, and fairly general, approach introduced by Perelomov [2] and Gilmore [3] (and
indicated much earlier by Klauder [49]). Perelomov’s generalized coherent states are obtained by the
action of the dynamical group of the system on some fiducial element of the Hilbert space (see, e.g.,
Ref. [8]). The dynamical group of the oscillator—the Heisenberg-Weyl group, W;—is obtained by
exponentiating the Lie algebra generated by Q, P,and 1. Let t €R and let ¢/ and p’ be arbitrary

real numbers with dimensions of length and momentum, respectively. Then
W(t, q',p') ‘= exp [—itl — %(q'ﬁ — p'@)] —e itp’ (q',p')

is the generic element of Wy, where D’ (q’,p’) ‘= exp {—iﬁ(q’f’ — p’Q)} . Recall that elements of W,

satisfy the ‘commutation relations’

1
W(t, q1,P1) Wta, q5,p%) = exp [E(Q’lp’z—q’zp’l)] W (ta, gy, p3)W (t1, 45, 1))
(5.17)

1
= W<t1 +t2+%(ql1plz—qlzpfl), q1+q2, p1 +P2) .

Fix an arbitrary element ¥y € # of unit norm. Given any element W of the Heisenberg-Weyl

group, the vector WW, determines a coherent state (by definition). However, since W(t,q', p')¥q
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and W (s,q',p')¥g differ by a phase they determine the same physical state. One often chooses to
consider only those elements of the form

Uiy py = W(0,4',p)¥o = D'(¢', p') Vo; (5.18)

these elements of the Hilbert space are in one-to-one correspondence with the generalized coherent

states.

1 1
. . . . . . e a5 . 1 a5
Calculations are a bit easier if one introduces the complex coordinate z := (”;g”) 2 +1 (m) 2y

and defines the creation and annihilation operators,

R mw - 1 - - mw - 1 -
. phted : . A
A= V' 2h @+ 1\/ thwp’ A= 2h @ 1\/ 2mhw P.

Then D(z) = D' (q’,p’) = exp [zfﬂ - EA] The coherent states are typically labeled by the complex

parameter z:

\I’Z = \If(qup/) = D(Z)\IJO (519)

It is easy to see that DT (2)AD(z) = A+ 2. Using this fact, one makes a few interesting observations.
First, let us find the expectation values of ) and P at the coherent state U, :

(V., QU.) = (Wo, D' (2)QD(z)¥o)
h

=/ g (V0. DI (2) (A + AT D(2) o) (5.20)

= <lIl01 Q\If0> + ql'

Similarly, (¥, P\Ilz> = (¥, p\Il0>—|—p’. The “displacement operator” D(q’, p') acts as a translation

on the space labeled by the parameters ¢’ and p’. The next observation that one typically makes is

that the uncertainties in () and P are constant on the entire coherent state space; similar to what
was done in Egs. (5.20),

(AQ)|y, = (AQ)|,, and (AP)

Having chosen the fiducial element ¥, and a convention by which to fix the phase of the coherent

v, = (AP) |%. (5.21)

states, one then obtains a submanifold of the Hilbert space on which the uncertainties of the basic
operators are constant. Note that the construction goes through in the higher-dimensional case as
well (one just adds more Qs and ps); the Maxwell field being the typical application. Note also that
if one chooses, for ¥y, the ground state of the oscillator, the standard coherent states are obtained,
but this is a special case of Perelomov’s construction. The advantage of his generalization lies in its
applicability to more general systems.

Of course, the coherent state space just described defines a submanifold of the projective Hilbert
space. Notice that from the definition (5.18),

0 1 -

3_[]/‘1’&1’,19’) = EP\I'(q’,p’) = XP|\11(Q,
0 1 4

3_])/‘1'&1’,19’) = _EQ‘I’(q’,p’) = _XQ|\1:(Q,)P,)'

b)
,p')
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Projecting these expressions to P, we see that the submanifold of coherent states is precisely the
horizontal section through m(W¥y); in the previous section, we accidentally constructed the coherent
state spaces by entertaining ideas which were naturally presented by the geometry of the quantum

phase space!

5.3.3  Semi-classical dynamics

We have, to some extent, considered the relationship between classical and quantum dynamics from
the point of view of Ehrenfest’s theorem. The second approach which is often implemented involves
a heuristic relationship between quantum mechanics and Hamilton-Jacobi theory, and is related
to the WKB approximation. Our goal in this section is to understand the approximate WKB
dynamics from a geometric point of view. We discuss only two results. First, we find that the
WKB equation actually corresponds to a Hamiltonian vector field on the projective space; it is then
described by a dynamics of the Weinberg type. Second, we find a fairly interesting statement of the
validity condition of the WKB approximation which, to our knowledge, has not been discussed in
the literature.

Let us consider the quantum theory of a non-relativistic particle moving in R” under the influence

of a conservative force. The wave function is then assumed to satisfy the Schrodinger equation

ih%\l!(:p,t) = <—2h—mA + V(:n)) U(x, 1), (5.23)

where A is the Laplace operator on R™. Keeping in spirit with our previous approach, let us

decompose the state vector into real and imaginary parts; we define fields ¢ and 7 via
1
vV 2h

One should note that, in terms of these fields, the symplectic structure and metric introduced in

: (¢ +im).

§2.3 assume the form
G((61.m). (n,m2)) = [ @e[b1(@)oule) +m(2)ma(a)].

Q(61,m), (62,72)) = [ dalor(@)mala) — dala)ms ()]

The second equation looks quite familiar from classical field theory. The ¢ and m may be viewed as
the ‘field” and ‘momentum density’; they are canonically related. Indeed, one may easily calculate

the expectation function of the above Hamiltonian operator,

1 n K’ 5 112 5.\2 2 2 Ko
H(g,m) = ﬁ/d 2 [E ((F8)7 + (Fm)?) + V(2) (6*(2) + 7*(2)) |, (5.24)
and verify that the fields evolve according to the canonical equations of motion:
9% _ 3H and om = —ﬂ. (5.25)

ot~ or at 5¢
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Now, we are really interested in the relationship between this dynamics and the Hamilton-Jacobi
equation. Recall that this relationship is typically introduced by  writing
U(z,t) = /p(z,t) expliS(z,t)/h], where p = WW. Inserting this into the Schrodinger equation

immediately yields the equations

05 1 zn . KA .
m% + §-(pds) = 0. (5.27)

Notice that the second equation is a conservation equation, % +d-J= 0, where J= pgS/m is the
probability current density. The observation that is so often made is the fact that Eq. (5.26) would
look like the Hamilton-Jacobi equation if only the right hand side were absent. One should see
Goldstein [50] or [17] for a discussion of the relevance of this observation. Our intention here is to
examine the meaning of the dynamics that is obtained by simply dropping this “quantum mechanical
correction” to the Hamilton-Jacobi equation; it seems fair to call this the WKB evolution.!

As a first step, one can express the Hamiltonian function of Eq. (5.24) in terms of the fields p

and S:

n K2 2 1 = 2 .
H(p.5) = [ |2 (G0)" 4 5 l0)(55)" 4 ooV ()] (5.28)

It may be seen that p and S are actually canonically related; it is easy to explicitly check that the
dp _ 6H

above equations of motion are given by 3% = %% and % = —%—i)]. Next, let Hp equal the first
term in the above expression for the Hamiltonian function, and put Hwgp := H — Hjy. Then the
Hamiltonian vector field corresponding to Hwxkp corresponds exactly to the WKB evolution. Let
us denote by Xwkp the Hamiltonian vector field (on #) determined by Hwkp.

That the WKB evolution is generated by a Hamiltonian vector field is not obvious; it is even
less obvious that it induces a Hamiltonian vector field on the projective space, but it is true. To see
this, we need only find that Xwkp preserves the unit sphere S; this is guaranteed iff the Poisson
bracket of Hwgg and the constraint function, C' = fd”:b p(z)—1, vanishes on S. Now, since Hyj is
independent of S, {Hﬁ, C} = 0. We know that {H, C’} = 0 because H generates the Schrodinger
flow, which preserves norms. Therefore, {HWKB, C’} = {H — Hyp, C’} = 0. One may wish to notice
that this Poisson bracket vanishes strongly; the WKB evolution therefore preserves the norm of all
state vectors (not just the unit vectors). The implication of the fact that the WKB evolution is
given by a Hamiltonian vector field which preserves S is that it corresponds to dynamics of the
Weinberg type; in particular, it defines a Hamiltonian vector field on the projective space.

This observation i1s the main point of this section. However, let us briefly ask for the condition
which guarantees that the WKB evolution approximates the Schrodinger evolution; i.e., we ask for
the condition of validity of the WKB approzimation. Let us first calculate the Hamiltonian vector

field determined by Hpy; we need the functional derivatives of Hy with respect to the fields ¢ and .

1 Actually, the term ‘evolution’ may not be fair after all. We have a differential equation, but there is no guarantee

that there is a corresponding flow. This is, in general, a difficult question which we will ignore.
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This is fairly straight-forward; one obtains

0H 1 - =\ 2
5—(; =~ [2hp(¢A¢ + 7AT) + (687 — 7d0) } é, (5.29)

and dHy /7 is obtained by making the replacement ¢ <+ 7 in the above equation. To understand
the ‘physical’ meaning of Eq. (5.29) we have to make a preliminary observation. Let us write the

expectation values of P and P2

(]3> = /d":b mJ(z), J = %((]5571’ - 71'5(;5),
(5.30)

<f32> = /d"a: K(z), K(z) := —;[qﬁAqﬁ + TAm).

Again, J is the probability current density. The quantities mJ (the “density of momentum”) and
K (the “density of momentum-squared”) are the terms that appear in the above expression of the
relevant functional derivative.

In terms of these quantities, the functional derivatives expressed in Eq. (5.29) may be written as

0H 1 2 .
a‘—qsﬁ = T mhp? “mﬂ _pl‘} ¢,
SH, 1 , ) (5.31)
e ——2th2 {(mj) — ph} ,
Therefore,
., [60Hy .6H 1 . .
f [ i 6¢ﬁ] R [(mJ)* = pK| (¢ +im). (5.32)

The WKB evolution is obtained by subtracting (ﬁ times) this term from the Schrodinger equation
(c.f. Eq. (5.25)) ;

9 .
\h—V¥ = H¥
ot + 2mp?

{(mj)z — pK} v, (WKB equation)

where H is the Hamiltonian operator appearing in Eq. (5.23). The condition of validity for the WKB
approximation is just that this additional term be small; i.e., the “density of momentum-squared”
(weighted by the probability density) must nearly equal the square of the “density of momentum”.
While this condition has an intuitive flavor, it is a bit puzzling. It would be fun to examine this

further, but we’ll leave that for another day.



SUMMARY AND CONCLUSIONS

We have seen that quantum mechanics admits a geometric formulation which is intrinsic to the
projective Hilbert space. The first key observation, made in Ch. 2, was that the Hermitian inner-
product on H naturally defines a symplectic structure and a positive-definite inner-product (both of
which are strongly non-degenerate). A Hilbert space is a real Kahler space. Secondly, the expectation
value of a bounded, self-adjoint operator, as a function on the Hilbert space, contains all information
about the operator itself. Recalling these facts have lead us to a complete formulation of quantum
mechanics in terms of the true space of pure states—the projective Hilbert space P. In this geometric
description, the observables of the formalism are not represented by bounded, self-adjoint operators
on H, but by the associated real-valued functions on P.

We found that many features of ordinary quantum mechanics are described by the mathematics
of classical physics. A bounded, self-adjoint operator F defines a vector field on P; integration of this
vector field simply produces the (projection to P of the) unitary flow defined by F'. There is another
vector field on P which is naturally defined by F—the Hamiltonian vector field associated to the
corresponding expectation value function. These two vector fields are identical. In particular, the
Schrodinger equation assumes the form of Hamilton’s canonical equation of motion! Moreover, the
Poisson bracket of two expectation value functions is exactly the expectation value of (—i/A times
the) commutator of the respective operators. The Lie algebraic structure on the space of quantum
observables, usually described by the commutator of linear operators, may then be described by a
Poisson bracket, just as in classical mechanics. In this way, quantum mechanics may be viewed as
an infinite-dimensional Hamiltonian system. As a result, one should expect quantum mechanical
perturbation theory to be described just as one might do so for classical mechanics. In the same
vein, the adiabatic theorems of classical and quantum mechanics presumably translate to exactly
the same statements.

All of the mathematical features of classical mechanics are precisely implemented when the
quantum physics is formulated in the geometric language. The quantum mechanical formalism is,
however, much more structured than is classical mechanics. Complementing the ‘classical’ structure
of the formulation are features which are particular to quantum mechanics. Although a Riemannian
metric is often present in classical mechanics, it plays no essential role in the formulation of classical

physics. On the other hand, Riemannian geometry is an indispensable feature of quantum mechanics.

86
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In fact, as was seen in Ch. 3, the set of quantum observables consists of all real functions on
P whose Hamiltonian vector fields preserve the metric; the observable functions are those which
preserve all of the kinematic structure. In addition, the notion of uncertainty and the probabilistic
aspects of quantum mechanics rely on the metric in a crucial way. For example, the uncertainty
of an observable, as a function on the quantum phase space, is (up to an overall constant factor)
the length of its Hamiltonian vector field. Intuitively, the faster the corresponding flow on the
phase space, the less accurately one may measure the observable. The measurement process is also
conveniently described by the metric; the relevant probabilities and spectral projections are directly
related to geodesic distance. A particular result is the ‘laziness’ of the reduction process—as a result
of measurement, a quantum state is more likely to collapse to a nearby state than a distant one.

Although the Riemannian structure is very important for the description of the physics, it is
tempting to momentarily ignore the metric. The quantum phase space (along with the symplectic
flow which defines the evolution) then defines an artificial classical theory. One is compelled to ask
what would result from quantization of this fake classical theory. This question was answered in
Ch. 4. We found that application of the geometric quantization procedure simply produces the origi-
nal Hilbert space. Of all functions on P, those which unambiguously give rise to ‘quantum operators’
on the Hilbert space are exactly the observable functions of the original quantum theory. Moreover,
the operator obtained by quantizing any one of these functions is the operator which defined it in
the first place! In this sense, quantization is a stable procedure. Upon closer examination, however,
we noticed that there are actually (countably) many different descriptions of the quantum phase
space, with our particular choice being, in a loose sense, the most natural one. So we quantized
them all. The Hilbert spaces that result are simply the many particle subspaces of the symmetric
Fock space. Again, the ‘quantizable’ functions are the observable ones. Further, let f : P - R
be the observable function defined by the operator . We may construct two operators on the
k-particle subspace—the natural action of F, and that operator obtained by the k"™ quantization of
the observable function f. These two operators are identical. By quantizing the projective Hilbert
space in all possible ways, we obtain the familiar Fock space and the associated second quantized
observables. Second quantization really is second quantization.

One of the most attractive, and potentially useful, features of the geometric language is the
separation of the mathematical structures relevant for the description of the unitary evolution and
measurement process, respectively. While the symplectic structure describes those features which
have analogues in classical mechanics, all of the purely quantum mechanical aspects of the formal-
ism depend on the metric. The distinction between ‘U’ and ‘R’ is made explicit in terms of the
mathematical structures employed in the geometric formulation. This fact suggests, for example,
interesting approaches to the measurement problem which will be examined in the future.

As discussed in the Introduction, one may expect a resolution of the measurement problem to
involve another important problem in theoretical physics—quantum gravity. It is partly for this
reason that a framework in which to study non-linear modifications of quantum mechanics is de-

sired. In Ch. 5 we made some preliminary investigations in this direction. In any attempt to study
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generalizations of a physical framework, it is imperative that one characterize the original theory in
terms of those structures which are being extended. In §5.1 we considered, as a radically generalized
quantum kinematics, an arbitrary Kahler manifold M. As suggested by ordinary quantum mechan-
ics, we supposed the set of generalized observables to consist of all (smooth) functions on M whose
Hamiltonian vector fields are Killing. The main result was the fact that if this set of observables is
mazimal and closed under the natural commutative operation (which stems from the Jordan product
of quantum operators), then M is a manifold of constant holomorphic sectional curvature—a key
property of the projective Hilbert space. While this result may be used to classify the projective
Hilbert spaces of finite dimension, we can not go quite this far in the infinite-dimensional context.
This indicates both a shortcoming and a possibly interesting result. Of course, we would like a
complete classification of ordinary quantum mechanics. However, as suggested on page 72, if this
classification is found to be quite subtle, it is likely that there exists a minor modification of ordinary
quantum mechanics with physically interesting properties. Both aspects of this issue clearly deserve
more attention than they have recieved here.

The sort of generalization outlined above was considered mainly for the purpose of understanding
the structure which specifies quantum mechanics from all possible generalizations. Of course, there
are many other sorts of generalized mechanics’ that one might invent. For example, one may
work with the standard kinematic structures but generalize only the dynamics; a time evolution
which preserves the symplectic structure, but not necessarily the metric, seems an obvious choice
to consider. The results of §5.2 suggest that many (if not all) of the non-linear modifications to
the Schrodinger equation that have been considered by previous researchers are of just this form.
One can go a step further and extend the definition of the observables as well. In particular, it may
seem rather natural (though not physically justified) to consider the space of all functions on P as
‘observables’; this is the meaning of Weinberg’s proposal.

We have touched upon the idea of generalized quantum mechanics only very briefly, and for good
reason; 1t is a difficult problem. Quantum mechanics is extremely rigid in that consistency of the
probabilistic interpretation seems deeply entwined with the particular structure of the projective
Hilbert space. In this regard, we have not gone quite far enough with the geometric description
of quantum mechanics. In particular, the fact that the probabilities, as defined in the geometric
language, add to one is not at all obvious from the formalism. This is the major barrier to obtaining
an understanding of the conditions which guarantee that a generalized mechanics admits a consistent
probabilistic formulation. For example, it would be desirable to have a clearer description of the
eigenmanifolds (or the image of a spectral projection, in the case of the continuous spectrum)
described in Ch. 3. Of course, to fully develop a generalized mechanics, one must extend the
standard ideas employed in spectral analysis. It might be useful to note that Morse theory! could
be a very useful tool with which to pursue “generalized spectral analysis”.

Also related to the issue of measurement is an important feature of quantum mechanics that our

presentation is noticeably lacking. The outcome of any measurement is due to the interaction of a

I This was suggested by Joseph Samuel during personal conversation.
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system with some measurement apparatus. We are accustomed to modeling this situation by the
formation of the tensor product of the Hilbert spaces of the two constituents. Unfortunately, we do
not know of a simple geometric description of the projective Hilbert space corresponding to such
a tensor product. Therefore, issues involving spin-statistics have not been seen to admit a natural
geometric formulation. While we have not considered this question in detail, it is not unlikely that
this issue can be resolved in a fairly simple manner. In the finite-dimensional regime, a sub-Hilbert
space corresponds to a certain type of submanifold of the projective space known as an algebraic
variety; therefore, there is some well-developed mathematics with which to study this question.?

Generalizations of quantum mechanics provided one motivation for examining the geometric
properties of quantum mechanics. A further motivation, which was also considered in Ch. 5, is the
relationship between classical and quantum mechanics. For the special case in which the classical
phase space is linear, we found an interesting description of the generalized coherent state spaces.
First, we discovered that one may view the quantum phase space as a fibre bundle over the classical
one. The quantum symplectic structure then allowed a natural definition of horizontal spaces which
are, in fact, integrable. Two interesting results follow. First is a construction of the classical
symplectic structure from the quantum symplectic structure; this is a geometric statement of the
kinematic classical limit. Secondly, the horizontal sections define numerous special embeddings of
the classical phase space in the quantum phase space. As we found, these embeddings are nicely
described in terms of the coherent states of the harmonic oscillator. Finally, we considered semi-
classical dynamics from the point of view of the WKB approximation. The WKB evolution is
typically described in a way which relies heavily on fact that H is a linear space. The fact that the
WKB evolution defines a Hamiltonian vector field on the projective space is far from obvious, and
quite interesting. It suggests that even dynamical aspects of the classical limit may be explored in
purely geometric terms. These latter observations are preliminary and it would be interesting to
follow them to their logical conclusions.

The subject of non-linear quantum mechanics suggests a very interesting question. The descrip-
tion of chaotic classical systems relies on the non-linearity of the Hamiltonian equation of motion.
Since the evolution of an ordinary quantum mechanical system is, by definition, linear, no ordinary
quantum system is chaotic in the classical sense. The notion of quantum chaos is therefore not
defined in terms of the unitary (i.e., Hamiltonian) evolution. Rather, one must resort to consider-
ing, for example, the dependence of the energy eigenvalues on non-dynamical coupling coefficients
that appear in the Hamiltonian. One might suggest that this seemingly odd practice describes the
chaotic behavior of the ‘R-process’ rather than the ‘U-process’. The author, however, knows of no
precise implementation of this idea. Alternatively, however, a non-linear modification of quantum
mechanics (as might be employed to model the measurement process) does suggest the possibility
of a link between classical and quantum chaos.

The geometric desciption is not only attractive, but suggests many interesting questions which

we have only begun to consider.

2Thanks to Lane Hughston for pointing this out.
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FIBRE BUNDLES

The fibre bundle is the natural setting in which to discuss gauge theory, covariant differentiation
of tensor fields on a manifold, etc. The purpose of this appendix is primarily to establish our
notational conventions. The summary presented here is quite brief; only those notions essential for
the development of the ideas in the main text are presented. For a detailed account see, for example,
Chs. 9 and 10 of [30].

The simplest example of a fibre bundle is the direct product B x F', of two manifolds. The general
case is a slight abstraction; a manifold! E, which is locally a direct product. This is somewhat
analogous to the definition of a differentiable manifold, which locally “looks like” a vector space,
but does not have a global linear structure.

More precisely, a fibre bundle is a manifold F, along with the following structures:

1. A manifold B, called the base manifold.

i1. A manifold F', called the fibre manifold.

jmriy

1. A projection mapping w : E — B which is surjective.

iv. A Lie group G, called the structure group or gauge group, which acts on F on the left.

v. An open cover {U;} of B with associated difftomorphisms ¢; : U; x F' — 7~1(U;) such that
7o ¢i(p, f) = p. The ¢, are called local trivializations. The set m~!(p) is then diffeomorphic
to F, and is called the fibre at p (or above p).

vi. On the overlap U; NU; # 0, we define the transition function g;; : U;NU; — G by the relation

Note that we require that the transition functions be smooth. Of course, the g;; must satisfy some
consistency requirements. For example, on U; N U; N Uy, we must have g;;9;1 = g;x. Further, it is

convenient to assume that our set of local trivializations is maximal in the sense that if U is an open

1 The manifolds below are all assumed to be equipped with differential structures; i.e., we consider only differentiable

fibre bundles.
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subset of B and ¢ : U x F — m~(U) is compatible with {(U;, #;)} in the sense suggested above,
then (U, ¢) € {(Ui, ¢:)}.

As a notational convenience, we follow tradition in denoting the above bundle as £ = B. The
particular Lie group G and fibre space F' are usually clear from the context.

A section of the fibre bundle E = B is a smooth map s : B — E such that 7o s(p) = p. To
each point p € B, the section associates an element s(p) in the fibre above p. We also consider local
sections; 1.e., mappings s : U C B — E defined only on open subsets of B.

A common example is the tangent bundle £ = T* B of a manifold B. An element of T*B is a

vector in the tangent space at p € B. Sections of T* B are vector fields on B.

Principal Bundles

A fibre bundle S 5 P for which the fibre space coincides with the gauge group G, is called a
principal bundle. Since GG acts on itself in the obvious way, we may define a right action of the group
on the bundle. Given a local trivialization ¢; : U; x G — #~1(U;) C S and an element g € G, the
right action of g is defined locally by ¢;(p,u) - g := ¢i(p,ug). Since the left action of G on itself
commutes with the right action, this provides us with a well-defined right action of G on S. Note
that the left action of G on the fibre space does not allow us to define a left action of the structure
group on the generic fibre bundle.

This allows us to set up a correspondence between local sections and local trivializations. Given

(Ui, i), we may define the local section o; : U; — 7= (U;) via
¢i(p, u) =: ai(p) - u. (A.1)

Conversely, to a local section o; is associated the local trivialization determined by the above equa-
tion. If (U;, ¢;) and (Uj, ¢;) are related by the transition function g;; as in item (vi) above, then

the canonical sections are related by the right action
oi(p) =oi(p) - 9i5(p) VpeUnUj. (A.2)

Connections on Principal Fibre Bundles

On a generic fibre bundle, there is a natural notion of verticality of tangent vectors on E. A vector
v € T, E is vertical if m,v = 0; i.e., if v is in the direction of the fibre containing . As a particularly
useful example, consider a principal bundle S = P. Let z € S, and suppose L is an element of the
Lie algebra of the structure group GG. We may then define a vertical vector at z by use of the right

action of G on S:
LY, = i[aj -exp(Lt)]i=o.
dt -

In this way, one obtains from L a vector field on S, called the fundamental vector field generated by
L. This operation is available any time one has a group action on a manifold. Notice that we may

make use of the above definition for any Lie algebra valued function L on the bundle manifold.
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A principal bundle does not, however, come with a prescribed notion of horizontality. Denote by
Ve the vertical subspace of TS as defined above. A connection is the specification of a horizontal

subspace H, C 1;S at each point z € S such that:
1.1, 5=V, ®H, ¥V z€S.

ii. Ry, (H:) = Hp,(z), where Ry(x) := x - g;i.e., H; is preserved by the right action of the gauge
group.

In practice, a connection is typically specified by the use of a Lie algebra valued one-form A on
S. The vertical part of a vector v € TS is then given by the projection v — (A(v))ﬁ. The kernel
of Al; then defines the horizontal space at z. For consistency with the above definition, .4 must

satisfy the requirements:

i. A(LY) = L for each Lie algebra element, L.
ii. RZA = Ad, A

In item (i7), Adg-1 is the adjoint mapping on the Lie algebra defined by the group element g b

recall that for matrix groups, this takes the form Adg-1 : L g 'Lg.
More familiar to physicists is the local description of the connection form. Given a local triv-
ialization (U;, ¢;), or equivalently the canonical section o; : U; — m~!(U;), one may obtain a Lie

algebra valued one-form on U; by pulling back via oy;
A; =07 A

Suppose (Uj, ¢;) is another local trivialization such that U; N U; # 0, and let o : U; — 7 1(U;)
be the associated local section. With our conventions, the local expression for the connection form

transforms as
Aj = gi;~ Aigij + 91 dgij (A.3)

on U; N Uj;.

A connection allows one to lift a curve p(¢) on P to a curve on S, in a special way. First, a
lift W(¢) of p(¢) is a curve for which m o ¥(¢) = p(¢). Given a connection on S, it is natural to
consider horizontal lifts; i.e., those lifts whose tangents remain horizontal. Given a point ¥(0) in
the fibre above p(0), there exists a unique horizontal lift of p(t). Denote this horizontal lift by p(¢).
One can show that the horizontal lift through ¥(0) - g is simply p(t) - g, for all ¢; two horizontal
lifts are related by constant right translation along the fibres. It is in this way that the notion of
the holonomy arises. While we will not be concerned with the holonomy group, the notion of the

horizontal lift will become useful shortly.
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Associated Bundles

Suppose we have a linear representation? of G on a vector space V. To each element ¢ € G is
associated the linear map p; : V' — V To avoid the clutter of additional notation, we will simply
write g : v — gv rather than p, : v — py(v). Given a principal bundle S 5 P, we may define a
vector bundle over P whose typical fibre is V' as follows.

There is a natural action of G on the product S x V, given by g : (¥,v) — (¥g,g~v). The
associated bundle manifold is defined by dividing S x V' by this group action. In other words, one

defines the equivalence relation
(¥, v) ~ (¥g,97'v),

and puts F := (S x V)/ ~. Denote by [¥,v] the equivalence class containing (¥, v). Note that
[¥, gv] = [¥g, v]. The projection mapping is defined as

g E— P, g [¥,v] = 7(T). (A.4)

That 7 is, indeed, a projection is obvious since 7n(¥) = 7(¥g) Vg € G.
The bundle structure of £ -2 P is directly inherited from that of S = P in the following

manner. Given a local trivialization (U;, ¢;) of the principal bundle, define the mapping

¢i Ui x V= ag' (Us), @i (p,v) = [di(p.e), v] = [di(p.g), g7 "], (A.5)
where e is the identity element of G. Recall that ¢;(p,e) is the local section o; : U; — 7~ 1(U;),
canonically associated to the trivialization (U;, ¢;). Finally, let (U;, qzl) and (U;, d;]) be local trivial-
izations, as just defined. The transition functions for the associated bundle coincide with those for

the principal bundle:

0;i(p, v) = [6;(p,€), v] = [¢i(p, gi;(p)e), v] = [di(p,€) - 9ij(p), V]

(A.6)
= [¢i(p, €), gii(p)v] = ¢i(p, 9ij(p)v).

The associated bundle ‘twists’ in the same way as the principal bundle. Recall that a principal
bundle is trivial if and only if it admits a global cross section. In general, there exists no global
section of a principal bundle. However, there are always plenty of global sections of the associated
vector bundle. Although there is no canonical identification of the fibres, each one has one preferred

element—the zero element. The zero section of £, and deformations of it, are global.

Covariant differentiation

Let £ 25 P be a vector bundle associated to the principal bundle S = P, as just described.

Above each point p € P is a vector space; but there is no natural identification of one fibre with

2We don’t need to restrict ourselves to linear representations here. All that follows is valid as long as we have a
group action of G on a manifold. For simplicity, we assume this manifold is a vector space and that the group action

is linear.
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another. However, if one has a connection on the principal bundle, there i1s a natural way to parallel
transport a vector along a curve, just as one does for the tangent bundle, for example. Naturally,
this is defined in terms of parallel transport of points on the principal bundle, i.e., horizontal lifts.
Let p(t) be a curve on the base space P, and let [¥,v] € E be an element of the fibre above p(0).
The horizontal lift of p(t), through [¥, v] is given by the curve [j(¢), v], where $(¢) is, of course, the
horizontal lift to S, and v is held constant. Let [¥(t),v(t)] = [¥(t)g(t), g~ (¢)v(t)] be any curve in
E. We may always choose a ‘gauge’ for which ¥(¢)g(¢) defines a horizontal curve in P. This can
be accomplished, for example, by calculating a path-ordered exponential. The curve [¥ (), v(¢)] is
horizontal if g=1(¢)v(#) is constant, where g(¢) defines such a gauge.

Using this notion, it is now easy to introduce the idea of the covariant derivative of a section
s(p) = [¥(p), v(p)]. Let X be an element of the tangent space T,P. X may be described by a
curve p(t), through q. We may parallel transport s(0) along this curve, and make a comparison
with s o p(t) for infinitesimal values of ¢. This is the role of the covariant derivative; it measures
the lack of horizontality of a section in any direction one chooses. One proceeds as follows. As in
the previous paragraph, we can write s(p(t)) = [p(¢), ¥(¢)], where p(t) is horizontal. The covariant
derivative of s in the direction of X is defined so that it vanishes in the event that s o p is horizontal

at q:

Dxs:= []3(0), —u(p(t))

t:o] . (A7)

By doing this at each point of P, one may take the covariant derivative of a section with respect to

a vector field on P; the result is another section of E. If X is such a vector field, we write
Dxs=X*D,s. (A.8)

The covariant derivative operator D, satisfies all of the properties one would expect of a derivative
operator. In particular, it is linear and satisfies the Leibnitz rule with respect to multiplication of
sections by functions.

Again, many physicists are more familiar with the local expression of the covariant derivative.
Given any local trivialization (Ui,qzi), a section s : P — FE may be written, locally, as s(p) =
[oi(p), z(p)], where o; : U; — m=(U;) is the local section canonically associated to ¢;. Locally,
a section of F looks like a V-valued function. Let A; be the local connection form on U;, as in

Eq. (A.3). The covariant derivative then assumes the local form
Dxloi, 2] = [0, XY0uz + X Aia(2)],

where the Lie algebra element X A;, acts on the vector z by the representation of G on V. This

is usually written in terms of the vector component alone:
Doz! = 0z’ + Ayt 527, (A.9)

where the capital latin indices indicate the representation space, and the subscript ‘2’; labeling the

trivialization, has been dropped for convenience.
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GEOMETRIC (QUANTIZATION

The method of geometric quantization is an attractive approach to the problem of quantization. As
in the method of canonical quantization, it focuses on the geometric structure of the classical phase
space; one tries to replace Poisson brackets of classical observables by (1/if times) the commutator
of the corresponding quantum operators. However, it adds precision to the canonical procedure
by specifying a particular way to “hunt down” the appropriate Hilbert space. When adopting
the canonical approach, one often constructs the quantum Hilbert space from the space of square-
integrable functions (or, better yet, half-densities) on the configuration space. If the classical phase
space is not a cotangent bundle, there is no naturally defined notion of the configuration space;
geometric quantization gives one a general approach, even in this situation. The idea is to introduce
a structure which, in a sense, locally describes the phase space as a cotangent bundle. This appendix
presents a lightning review of geometric quantization. For slightly more detailed review see [51]. For

a complete treatment refer to [41] or [43].

Pre-quantization

The classical system, whose quantum mechanical description we would like to find, i1s given by
some symplectic manifold (T', ). We will not touch on the (typically difficult) issue of quantization
of the dynamics, so we will not include the Hamiltonian as part of the given structure. The pre-
quantization process involves the construction of an algebra of self-adjoint operators which faithfully
represents the entire Poisson algebra. Woodhouse [43, Ch. 5] beautifully motivates us to choose,
for the pre-quantum Hilbert space, a complex line bundle over the phase space. This line bundle is
associated to a principal U(1)-bundle, S 5 T, equipped with a connection, A. Given the principal
bundle, the associated line bundle is obtained, as in Appendix A, with the vector space V = C.
It is absolutely essential that the curvature of the connection be related to the classical symplectic

structure as’

dA = _%W*Q. (B.1)

1We will use the language, typical in physics, which represents the Lie algebra of U(1) with the real line.
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The existence of the pre-quantum U(1)-bundle is not guaranteed. Such a bundle will exist if
and only if %Q defines an integral de Rham cohomology class. This pre-quantization condition is
equivalent to the statement that the integral of Q over any closed, oriented 2-surface is an integral
multiple of 27f. Note that for the standard example, in which T is a cotangent bundle and € is the
fundamental two-form, this condition 1s trivially satisfied, since €2 is exact.

Suppose the pre-quantization condition is satisfied, and that we have found the pre-quantum
bundle S =5 T', and its associated line bundle E =25 T'. Pre-quantum states are to be sections of
FE. Thus, a pre-quantum state locally looks like a complex-valued function on the phase space; this
does not hold globally since there will not, in general, exist a global trivialization. Suppose (U, qzl)
and (Uj, (;NSJ) are two local trivializations of the line bundle. As described in Appendix A, these
trivializations define two complex-valued functions z; : U; — C and z; : U; — C. On the overlap
U; N U; these local functions are related as (c.f. Eq. (A.6))

z(p) = 9i5(p) i (p), (B.2)

where g;; is the transition function defined for the U(1)-bundle. Since these local functions just

differ by a phase, given two sections £; and &5, the integral

<£1a £2>pre = /de Z1722 (B3)

is well-defined. Here, we are assuming that T is of (finite) dimension 2n, so that we can define the
volume form dv = A" (%Q) Denote by H,,. the (completion of the) set of all square-integrable
sections of F. This is the pre-quantum Hilbert space.

To every classical observable f : T' = R is associated a formally self-adjoint (i.e., symmetric)

operator on H,,. by the definition
05 = —ihX; "Dk + fE,

where D is the covariant derivative determined by the connection .A. The second term is included
so that the map f — Of provides a faithful representation. In terms of a local trivialization (U, q~$)
of the line bundle, a section may be written as &(p) = [o(p), z(p)], where ¢ : U — 7~ 1(U) is the

canonical section. The pre-quantum operator above then assumes the local form (c.f. Eq. (A.9))
Oz = —ihX;%(0n —iAs)z + f2z = —ihX; (2) + [f — RA(X})]2. (B.4)

One can show that the pre-quantum operators are symmetric. Further, the map f — Of takes

Poisson brackets to commutators; for any two classical observables f and g,

Ots.9y = % [Of: Og} ~ (B.5)

We now have a faithful representation of the entire Lie algebra of classical observables as formally

self-adjoint operators on Hy,e.
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Quantization

The pre-quantum Hilbert space is “too large”. For the case in which I is a cotangent bundle, we
are accustomed to representing quantum states by functions on the configuration space. Our pre-
quantum Hilbert space consists, loosely speaking, of functions on the phase space; they are functions
of too many variables. In the standard situation, only those elements of Hp,. which are independent
of momenta are to represent quantum states. Thus, we need a prescription by which we may restrict
our attention to those pre-quantum states which depend on only half of the phase space coordinates.
In general, this must be done locally, since elements of H,,. are not quite complex-valued functions.
This is accomplished by choosing a polarization of maximal dimension. A polarization P is an

assignment of a maximal subspace P, of the complexified tangent space T;,CF at each point that is:

i. Lagrangian: Q,(V,\W)=0 VV,W € P|,.

ii. integrable: If V* and W are vector fields on I' that belong to the polarization at each point,
then [V, W]*|, € Pl, ¥peP;

If V is a vector field which, at each point, is an element of the polarization, we write V € P.

The familiar polarization, which consists of the vertical tangent vectors of a cotangent bundle, is
everywhere real. This is not the generic situation, however. Another useful example is a particular
complex polarization, which is defined as follows. Suppose the phase space admits a Riemannian
metric gog for which J%g := Qp,97* is an almost complex structure; i.e., we suppose that J*,J75 =
—g®3, but do not require that J be integrable. The triple (€2, g, J), if compatible in the assumed
manner, equips I' with what is called an almost Kdhler structure. Since J? = —1, its eigenvalues are
+i. Now let P, consist of all vectors V' € T;,CF for which J%g VP =iV, Note that for any vector
weT,T,W:=w"-— iJa,@w’@ € P, and that any element of P, is of this form. It is easy to see that
P satisfies condition (7) above. If, in addition, P is integrable, it is called a Kdhler polarization.
One can easily verify that if (Q,g,J) equips I' with the structure of a Kahler manifold, then P is
integrable.

Having chosen a polarization P, one defines the quantum wave functions as the cross sections
which are preserved by the polarization; ¢ : ' = E is a quantum wave function if it satisfies the

polarization condition:
VeD, =0 VYV eEP

The set H of such sections is to provide the ‘physical’ Hilbert space of the quantum theory. Unfor-
tunately, the inner-product on Hp,., whose only purpose was to render the operators Of symmetric,
does not, in general, induce one on H. Construction of a Hilbert space from H is generically a
non-trivial task. A lovely exception is the case in which P is Kéhler. In this event (,),,. directly
carries over to H.

For a given classical observable f, the pre-quantum operator Of is, in general, not a well-defined

operator on H. If, however, Of does preserve H, f is called a good observable. The condition that
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f be a good observable reduces to the statement that its Hamiltonian vector field preserves the

polarization:
fisgood & £x,V*eP VVEP (B.6)

Note that, by use of the Jacobi identity, the Poisson bracket of two good observables is also a good
observable. As a special case, if P is a Kahler polarization, the condition on the good observables

is that, for any vector field v,

P 9£Xf(v°‘ —ijaﬁvﬁ)

(B.7)
:.fovo‘ —ijaﬁfva’@ - il’ﬁfxfjaﬁ.

Since the first two terms define an element of the polarization, any function whose Hamiltonian

vector field preserves the complex structure is a good function.
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